Rules for integrands of the form (d +ex)™ (f + gx)" (a+ bx + ¢ x?)?

0: Jx'" (F+gx)" (bx+cx?) dx

Rule1.2.1.4.0:If cf (m+2) -bg (m+n+3) = 0,then

c x™?2 (1:+gx)"+1
Jx“‘ (Frgx)" (bx+cx?) dx —» ——————
g (Mm+n+3)

Program code:

Int[x_Am_.x (F_+g_.*X_)"n_.x (b_.*X_+C_.*X_"2),X_Symbol] :=
Cxx” (M+2) % (F+gxx) A (n+l) /(g% (M+n+3)) /;
FreeQ[{b,c,f,g,m,n},x] && EqQ[cxfx (m+2) -bxg+ (m+n+3),0] && NeQ[m+n+3,0]

1: J(d+ex)“‘ (F+rgx)" (a+bx+cx?)Pdx whenef-dg#8 A b’-4ac=0 Ap¢z

Derivation: Piecewise constant extraction

+ + 2)P
Basis: If b%> - 4 a ¢ == 0, then 6, %L _
E+CX

Rule1.2.14.1:If ef-dg+0@ A b?>-4ac=0 A p ¢ Z,then

(a +bXx+c Xz) FracPart[p]

a (P
(d+ex)" (f+gXx) (;+cx

J\(d+ex)’" (F+gx)" (a+bx+cx*)Pdx —

cIntPart[p] (g +c X) 2 FracPart [p]

Program code:

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_) n_x(a_.+b_.#x_+c_.*x_"2)"p_,x_Symbol] :=

(a+bxx+cxx”2) ~*FracPart[p]/ (c*IntPart[p]* (b/2+c*x) " (2xFracPart[p])) *Int [ (d+exx) "mx (-F+g*x) Anx (b/2+cxX) ™ (2%p) ,x] /3

FreeQ[{a,b,c,d,e,f,g,m,n},x| && NeQ[exf-d+g,0] & EqQ[b~2-4xaxc,0] & Not[IntegerQ[p]]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

2. j(d+ex)'“(f+gx)" (a+bx+cx2)pdlx whenef-dg#0 A b?>-4ac#0 A cd>-bde+ae?=0

1: J(d+ex)"‘(f+gx)" (a+bx+cx?)Pdx whenef-dg#@ A b>-4ac#0 A cd’-bde+ae’=0 A pez

Derivation: Algebraic simplification
Basis:If cd’-bde+ae”=0,thena+bx+cx*= (d+ex) (& + <)
Rule1.2.142.1:1f ef-dg+0@ A b2-4ac+0 Acd>-bde+ae?=0 A peZ,then

J(d””)m (f+gx)" (a+bx+cx?)Pax — J(d+ex)’"*" (Frgx)" (§+ c_x)de
e

Program code:

Int[(d_+e_.*x_) m_ (f_.+g_.*X_)"n_% (a_.+b_.*X_+C_.*X_"2)"p_.,x_Symbol] :=
Int[ (d+exx)~ (m+p)  (F+g»x)~n« (a/d+c/exx) *p,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n},x| && NeQ[exf-d+g,0] & NeQ[b 2-4xaxc,0] 8&& EqQ[cxd*2-bxdxe+axe”2,0] & IntegerQ[p] && Not[IGtQ[n,0]]

Int[(d_+e_.*x_) m_ (f_.+g_.*X_)" n_%(a_+C_.*x_"2)"p_.,x_Symbol] :=

Int[ (d+exx) (m+p)  (F+g»x)~n« (a/d+c/exx) *p,x] /;
FreeQ[{a,c,d,e,f,g,m,n},x] && NeQ[exf-d+g,0] && EqQ[cxd*2+axe"2,0] & (IntegerQ[p] || GtQ[a,0] && GtQ[d,0] && EqQ[m+p,0])

2. J(d+ex)'“(f+gx)" (a+bx+cx®)Pdx whenef-dg#@ A b>-4ac#0 A cd’-bde+ae’=0 Ap¢z

dx whenb?-4ac#0 A cd?’-bde+ae?=0 Ap¢z

. J-x" (a+bx+cx2)p

d+ex

Derivation: Algebraic simplification

. 2
Basis: If cd? - bde +ae? = 0,then a:bXx:cx® __a | cx

d+e x d " e

Rule1.2.1.4.2.2.1:1f b>-4ac+0 Acd’-bde+ae?=0 Ape¢Z A p>0,then



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

n

x" (a+bx+cx?)P a cx
J ( ) dlx—»jx“(—+—) (a+bx+cx2)p'1d1x
d+ex d e

Program code:

Int[x_"n_.x(a_.+b_.*x_+c_.*x_"2)"p_/ (d_+e_.*Xx_),x_Symbol] :=
Int [x*n* (a/d+cxx/e) * (a+bxx+c*x"2)~ (p-1) ,x] /;

FreeQ[{a,b,c,d,e,n,p},x] && NeQ[b”2-4xaxc,0] &% EqQ[c*d"2-bxdxe+axe”2,0] & Not[IntegerQ[p]] &&
(Not [IntegerQ[n]] || Not[IntegerQ[2xp]] || IGtQ[n,2] || GtQ[p,0] && NeQ[n,2])

Int[x_"n_.x(a_+C_.*x_"2)"p_/ (d_+e_.xx_),x_Symbol] :=
Int[X*nx (a/d+cxXx/e) * (a+CxXx"2)~ (p-1) ,X] /;
FreeQ[{a,c,d,e,n,p},x] & EqQ[c*d"2+axe”2,0] && Not[IntegerQ[p]] &%
(Not [IntegerQ[n]] || Not[IntegerQ[2xp]] || IGtQ[n,2] || GtQ[p,0] && NeQ[n,2])



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p 4

2: J(d+ex)"‘(f+gx)" (a+bx+cx?*)?dx whenef-dg#8 A b’-4ac#0 A cd’-bde+ae’=0Q ApP¢Z AMEZ"

Derivation: Algebraic simplification

N 2
Basis:If cd?2 -bde +ae? = 0,thend + e x == 2:bxcxt
) 4,2
d e

2 4 2
Basis: If cd? + ae? == ©,thend + e x == d? (axex?)

a (d-ex)

Note: Since (2 + <*)™is a polynomial, this rule transforms integrand into an expression of the form (d+ex)"p,(x] (a+bx+cx?)?
for which there are rules.

Rule1.2.1.4.222:Ifef-dg+@ Ab*>-4ac+0 Acd’-bde+ae?=0 Ap¢Z A meZ,then
-J‘(d+ex)'"(-F+gx)"(a+bx+cx2)"dlx—>J‘(§+ﬂ)_m (Frgx)" (a+bx+cx®)™Pdx
e

Program code:

Int[(d_+e_.*x_) m_s(f_.+g_.*X_)"Nn_% (a_.+b_.*X_+C_.*x_"2)"p_,x_Symbol] :=
Int[ (a/d+cxx/e) ™ (-m)* (F+gxx) nx (a+bxx+C*x"2)~ (m+p) ,X]| /3

FreeQ[{a,b,c,d,e,f,g,n,p},x| && NeQ[exf-d+g,0] && NeQ[b’2-4xaxc,0] 8&& EqQ[cxd"2-bxdxe+axe”2,0] & Not[IntegerQ[p]] && ILtQ[m,0] && IntegerQ[n] ¢
(LtQ[n,0] || GtQ[p,0])

Int[(d_+e_.*x_) m_s (f_.+g_.*X_)"n_% (a_+C_.*x_"2)"p_,x_Symbol] :=
d~ (2xm) /armxInt [ (F+gxX) N« (a+cxx2) ~ (m+p) / (d-exx) “m,x] /;

FreeQ[{a,c,d,e,f,g,n,p},x| & NeQ[exf-dxg,0] & EqQ[c+d"2+axe"2,0] && Not[IntegerQ[p]] && EqQ[f,0] && ILtQ[m,-1] &&
Not [IGtQ[n,0] && ILtQ[m+n,0] && Not[GtQ[p,1]]]

Int[(d_+e_.*Xx_) m_ (F_+g_.*X_)"n_x(a_+Cc_.*Xx_"2)"p_,x_Symbol] :=
d~ (2+m) /armxInt[ (F+gxX) nx (a+cxx 2) " (m+p) / (d-exx) *m,x] /;
FreeQ[{a,c,d,e,f,g,n,p},x] && NeQ[exf-d+g,0] && EqQ[cxd*2+axe"2,0] && Not[IntegerQ[p]] & ILtQ[m,0] & IntegerQ[n]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

p

dx whenef-dg#0 A b’ -4ac#0 A cd’-bde+ae?=@ Ap¢EZ ANEZ AN+2pEeZ”

3 (F+gx)" (a+bx+cx?)
J d+ex
p

dx whenef-dg#@ Ab>-4ac#0 A cd’-bde+ae?=Q@ Ap¢Z ANeZ*An+2pez"-

.. J(-F+gx)" (a+bx+cx?)

d+ex

Derivation: Algebraic simplification and quadratic recurrence 2a

. 2
Basis: If cd? - bde +ae? == 0,then atbx+cxt __ ae:cdx
d+e x de

Rule1.2.1.42.23.1:If ef-dg+0@ Ab’>-4ac+0 Acd*>-bde+ae?=0Ape¢Z AnNeZ*An+2peZ,then

J-(-F+gx)" (a+bx+cx?)?

1
dx — —j(ae+cdx) (F+gx)" (a+bx+cx2)p'1dlx —
d+ex de

(2cd-be) (f+gx)" (a+bx+cx2)p+1

ep (b*-4ac) (d+ex)
1

—~J.(-F+gx)"':l (a+bx+cx2)p(b (aegn-cdf (2p+1)) -2ac(dgn-ef (2p+1)) -cg(bd-2ae) (n+2p+1) x) dx
dep (b>-4ac)

Program code:

Int [ ('F_. +8 . *X_) ANn_x(a_.+b_.%X_+C_.xX_"2)"p_/ (d_+e_.xXx_) ,x_Symbol] 5=
—(2*c*d—b*e)*(f+g*x)An*(a+b*x+c*xA2)A(p+1)/(e*p*(bA2—4*a*c)*(d+e*x)) -
1/ (dxexpx (b”2-4xaxc) ) xInt [ ('F+g*x) A(n-1) * (a+bxXx+CxXx"2) *p*
Simp [b* (a*e*g*n—c*d*f* (2xp+1) ) -2%xa%C* (d*g*n—e*f* (2xp+1) ) -c*xg* (bxd-2xaxe) x (n+2xp+1) *x,x] ,x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-d+g,0] && NeQ[b*2-4xaxc,0] & EqQ[cxd"2-bxd+e+axe~2,0] & Not[IntegerQ[p]] && IGtQ[n,0] && ILtQ[n+2xp,0]

Int[(f_.+g_.#*X_) n_x(a_+C_.*Xx_"2)"p_/ (d_+e_.*x_) ,x_Symbol] :=

d* ('F+g*X) Anx (a+CxX"2) A (p+1) / (2xaxexpx (d+exx)) -

1/ (2xdxexp) *Int [ (F+g#x)" (n-1) * (a+C*Xx"2) *p»Simp [dxgxn-exFx (24p+1) -exgx (N+2xp+1) xX,X] ,X] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0]| && EqQ[cxd*2+axe~2,0] && Not[IntegerQ[p]] && IGtQ[n,0] && ILtQ[n+2xp,0]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

p

dx whenef-dg#0@ Ab?’-4ac#0 A cd’-bde+ae’?==@ Ap¢Z ANEZ AnN+2peZ”

. J«(1:+gx)" (a+bx+cx?)

d+ex

Derivation: Algebraic simplification and quadratic recurrence 2b

. 2
Basis: If cd? - bde +ae? = 0,then :Xx:cx® __ ae+cdx
d+e x de

Rule1.2.1.42.232:If ef-dg+0@ Ab’>-4ac+0 Acd’>-bde+ae?=0Ap¢eZ ANeZ An+2pecZ,then

J-(-F+gx)" (a+bx+cx?)?

1
dx — —J(ae+cdx) (F+gx)" (a+bx+cx2)"'1d1x —
d+ex de

(-F+gx)"+1 (a+bx+cx?)? (cd-be-cex)

+

p(2cd-be) (ef-dg)
1

j(f+gx)" (a+bx+cx?)? (beg(n+p+1) +cef (2p+1) -cdg (n+2p+1) +ceg (n+2p+2)x) dx
p(2cd-be) (ef-dg)

Program code:

Int[(f_.+g_.#X_)"n_%(a_.+b_.*Xx_+C_.*x_"2)"p_/(d_+e_.*x_),x_Symbol] :=
(‘F+g*x) A(N+1) * (a+bxX+CxX"2) *px (c*d-b*e-c*e*x)/(p* (2xcxd-bxe) % (e*f-d*g)) +
1/(p*(2*c*d—b*e)*(e*f—d*g))*Int[(f+g*x)“n*(a+b*x+C*xA2)Ap*(b*e*g*(n+p+1)+c*e*f*(2*p+1)—c*d*g*(n+2*p+1)+c*e*g*(n+2*p+2)*x),x] /5
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & EqQ[c+d"2-bxdxe+axe"2,0] && Not[IntegerQ[p]] &&
ILtQ[n,0] && ILtQ[n+2+p,0] & Not[IGtQ[n,0]]

Int[(f_.+g_.#X_) n_x(a_+C_.*x_"2)"p_/ (d_+e_.#x_) ,x_Symbol] :=

d* ('F+g*X) A (n+l) * (a+C*xx"2) A (p+1)/(2*a*p* (e*f—d*g) * (d+exX) ) +

1/(p* (2xc*d) % (e*f—d*g) ) *Int [ ('F+g*x) Anx (a+C*X"2) “p* (c*e*f* (2xp+1) —C*xd*xg* (N+2xp+1) +Cx€*gx (N+2%p+2) *x) ,X] /3
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0]| && EqQ[cxd"2+axe~2,0] & Not[IntegerQ[p]] &&

ILtQ[n,0] && ILtQ[n+2#p,0] & Not[IGtQ[n,0]]

4, J(d+ex)’“(f+gx)" (a+bx+cx?*)Pdx whenef-dg#@ A b’-4ac#0 A cd’-bde+ae’=@ ApPE¢Z AmM+p=0

1:



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p 7

j(d+ex)’"(f+gx)" (a+bx+cx?)Pdx whenef-dg#@ A b’-4ac#0 A cd’-bde+ae’=@ Ap¢Z Am+p=0 Acef+cdg-beg=0Am-n-1+0

Rule1.2.1.4224.1:If ef-dg+0 Ab>-4ac+0 Acd’-bde+ae?==0 A , then
p¢eZ Am+p=0Acef+cdg-beg==0 Am-n-1+0

e(d+ex)™ (f+gx)" (a+bx+cx2)p+1

J(d+ex)"‘ (Frgx)" (a+bx+cx?)Pdx — -
c(m-n-1)

Program code:

Int[(d_+e_.*x_) m_ (f_.+g_.*X_)"n_% (a_.+b_.*X_+C_.*X_"2)"p_,x_Symbol] :=
—ex (d+exX) " (M-1) » (F+g#X) ~n* (a+bxXx+Cxx"2) ~ (p+1) / (C* (m-n-1)) /;

FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| && NeQ[exf-d+g,0] && NeQ[b"2-4xaxc,0] && EqQ[cxd*2-bxd+e+axe”2,0] &&
Not [IntegerQ[p]] && EqQ[m+p,0] && EqQ[cxexf+cxd+g-brexg,0] && NeQ[m-n-1,0]

Int[(d_+e_.*x_) " m_s (f_.+g_.*X_)"n_x (a_+C_.*x_"2)"p_,x_Symbol] :=
-ex (d+exx) A (m-1) # (F+g#X) ~n# (a+cxx"2) A (p+1) / (cx (m-n-1)) /;
FreeQ[{a,c,d,e,f,g,m,n,p},x| && NeQ[exf-d«g,0] & EqQ[cxd"2+axe"2,0] &&
Not[IntegerQ[p]] && EqQ[m+p,0] & EqQ[exf+dxg,0] & NeQ[m-n-1,0]

2: J(d+ex)’" (f+gx)" (a+bx+cx2)pd1x whenef-dg#0 Ab?>-4ac#0 A cd’-bde+ae?=0 Ap¢Z Am+p=0 Am-n-2==0

Rule1.2.1.42.2.42:f ef-dg+0@ Ab’>-4ac+0 Acd’>-bde+ae?=0ApeZ Am+p=0Am-n-2=20,
then

e2 (d+ex)™? (-F+gx)"+1 (a+bx+cx2)p+1

J(d+ex)'“ (Frgx)" (a+bx+cx®)Pdx — -
(n+1) (cef+cdg-beg)

Program code:

Int[(d_+e_.*x_) m_s (f_.+g_.*X_)"n_% (a_.+b_.*X_+C_.*X_"2)"p_,x_Symbol] :=
-e"2x (d+exx) A (m-1) = ('F+g*x) A(n+l) * (a+b*X+C*X"2)"(p+1)/( (n+1) » (C*e*'F+C*d*g—b*e*g) ) /3
FreeQ[{a,b,c,d,e,f,g,m,n,p},x| && NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] && EqQ[cxd"2-bsdxe+axe"2,0] && Not[IntegerQ[p]] & EqQ[m+p,0] & EqQ[m-n-2



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

Int[(d_+e_.*x_) " m_ (f_.+g_.*X_)"n_« (a_+c_.+X_"2) " p_,x_Symbol] :=
-e"2x (d+exx) ~ (m-1) » ('F+g*x) A(n+l) *x (Q+Cxx"2) ~ (p+1)/(c* (n+1) * (e*f+d*g) ) /8
FreeQ[{a,c,d,e,f,g,m,n,p},x| && NeQ[exf-d+g,0] & EqQ[cxd"2+axe"2,0] && Not[IntegerQ[p]] & EqQ[m+p,0] && EqQ[m-n-2,0]

3. ~f(d+ex)’" (F+gx)" (a+bx+cx?)Pdx whenef-dg#8 A b’ -4ac#0 A cd’-bde+ae’=@ ApPEZ AmM+p=0 Ap>0

1: J.(d+ex)'“(-F+gx)" (a+bx+cx?)?dx whenef-dg#@ A b>-4ac#0 A cd’-bde+ae’=@ APEZ AmM+p=0Ap>0 An<-1

Rule1.2.1.4.2.2.4.3.1:If
ef-dg+0 Ab*>-4ac+0 A Acd’>°-bde+ae?=0Ape¢eZ Am+p=0APp>0 An<-1,then

J(d+ex)m (Frgx)" (a+bx+cx?)Pdx —
(d+ex)" (f+gx)m1 (a+bx+cx2)p cm

+ J(d+ex)’"+1 (-F+gx)"+1 (a+bx+cx2)p‘1d]x
g(n+1) eg(n+1)

Program code:

Int[(d_+e_.*x_) m_s(f_.+g_.*X_)"n_%(a_.+b_.*X_+C_.#x_"2)"p_,x_Symbol] :=
(d+exx) "mx (Frgax) " (N+1) » (a+bxXx+Cxx"2) *p/ (g% (N+1)) +
cxm/ (exgx (N+1) ) xInt[ (d+exx)~ (M+1) » (F+gxx) A (n+1) * (a+bxx+C*x"2) ~ (p-1),x]| /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & EqQ[cxd"2-bxdxe+axe"2,0] &&
Not [IntegerQ[p]] && EqQ[m+p,0] && GtQ[p,0] && LtQ[n,-1] && Not[IntegerQ[n+p] && LeQ[n+p+2,0]]

Int[(d_+e_.*x_)"m_x (f_.+g_.*X_) n_% (a_+c_.*x_"2)*p_,x_Symbol] :=

(d+exx) “mx ('F+g*x)"(n+1) * (a+C*X”2) *p/ (g* (n+1)) +

cxm/ (exg# (N+1) ) xInt [ (d+exx)~ (M+1) » (F+gxX)~ (n+1) » (a+Cc*x*2) ~ (p-1) ,x]| /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && EqQ[cxd"2+axe”2,0] &&

Not [IntegerQ[p]] && EqQ[m+p,0] && GtQ[p,0] && LtQ[n,-1] &% Not[IntegerQ[n+p] && LeQ[n+p+2,0]]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

2: J(d+ex)'“(f+gx)" (a+bx+cx?)?dx whenef-dg#@ Ab’-4ac#0 A cd’-bde+ae’=Q@ ApPE¢Z AmM+p=0 ApP>0AMm-n-1#80

Rule1.2.1.4.2.2.4.3.2: If
ef-dg+0 Ab’>-4ac+0 Acd’>’-bde+ae?=0Ape¢eZ Am+p=0Ap>0Am-n-1<+0,then

J(d+ex)’" (Frgx)" (a+bx+cx?)Pdax —

(d+ex)" (f+gx)"™ (a+bx+cx?)? m(cef+cdg-beg

) J(d+ex)’"+1 (F+gx)" (a+bx+cx2)p'1d1x
g(m-n-1) e2g (m-n-1)

Program code:

Int[(d_+e_.*x_) m_s (f_.+g_.*X_)"n_% (a_.+b_.*X_+C_.*X_"2)"p_,x_Symbol] :=
- (d+exx) "mx (F+gxX) ~ (N+1) * (a+bxX+C*x"2) *p/ (g* (M-n-1)) -
mx (c*e*f+C*d*g-b*e*g)/(e"Z*g* (m-n-1) ) *Int [ (d+exx)~ (m+1) * (‘F+g*x) Anx (a+bxXx+Ccxx"2) A (p-1) ,x] /3
FreeQ[{a,b,c,d,e,f,g,n},x| & NeQ[exf-dxg,0] & NeQ[b"2-4xaxc,0] & EqQ[c*d"2-bxdxe+axe”2,0] &&
Not [IntegerQ[p]] && EqQ[m+p,0] && GtQ[p,0] && NeQ[m-n-1,0] && Not[IGtQ[n,0]] && Not[IntegerQ[n+p] && LtQ[n+p+2,0]] && RationalQ[n]

Int[(d_+e_.*x_) m_s(f_.+g_.*X_)"n_%(a_+C_.*x_"2)"p_,x_Symbol] :=
- (d+exx) A (F+gxx) " (n+1) * (a+C*X"2) *p/ (g* (M-n-1)) -
cxmx (exf+dxg) / (e72xgx (m-n-1)) xInt[ (d+exx)~ (m+1) # (F+g*x) *nx (a+cxx*2)~ (p-1) ,x] /;
FreeQ[{a,c,d,e,f,g,n},x] & NeQ[exf-d+g,0] && EqQ[cxd"2+axe2,0] &&
Not [IntegerQ[p]] && EqQ[m+p,0] && GtQ[p,0] && NeQ[m-n-1,0] && Not[IGtQ[n,0]] && Not[IntegerQ[n+p] && LtQ[n+p+2,0]] && RationalQ[n]

4, J(d+ex)’" (F+rgx)" (a+bx+cx?)Pdx whenef-dg#0 A b’-4ac#0 A cd’-bde+ae’=@ Ap¢Z Am+p=0 A p<-1
1: f(d+ex)'“(f+gx)" (a+bx+cx?)?dx whenef-dg#@ A b’-4ac#0 A cd’-bde+ae’=@ ApP¢Z AM+p=0 Ap<-1AN>0
Rule1.2.1.4.2.2.44.1:If

ef-dg+0 Ab’>-4ac+0 A Acd’-bde+ae?=0Ape¢eZ Am+p=0Ap<-1An>80,then

J(d+ex)m ('F+gx)n (a+bx+cx2)pdlx —



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

e(d+ex)™? (1=+gx)'"(a+bx+cx2)'°+1 egn

_ J(d+ex)’“‘1 (-F+gx)"’1 (a+bx+cx2)p’1d]x
c(p+1) c(p+1)

Program code:

Int[(d_+e_.*x_) m_s(f_.+g_.*X_)"n_% (a_.+b_.*X_+C_.*x_"2)"p_,x_Symbol] :=
ex (d+exX) " (M-1) » (F+g*X) *nx (a+bxx+Cxx"2) * (p+1) / (cx (p+1)) -
exg#n/ (Cx (p+1)) +Int [ (d+exx) " (m-1) x (F+gsx) " (n-1) » (a+bxx+cxx"2) ~ (p+1) ,x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b~2-4xaxc,0] & EqQ[cxd"2-bxdxe+axe"2,0] &&
Not [IntegerQ[p]] && EqQ[m+p,0] && LtQ[p,-1] && GtQ[n,0]

Int[(d_+e_.xx_) " m_s (f_.+g_.*X_)"n_%(a_+C_.*X_"2)"p_,Xx_Symbol] :=

ex (d+exx)” (m-1) » (F+g*X) Anx (a+Cc*x 2) ~ (p+1) / (c* (p+1)) -

exg#n/ (Cx (p+1)) +Int [ (d+exx) " (m-1) x (F+g#X)~ (n-1) » (a+Cc*x*2) ~ (p+1) ,x]| /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && EqQ[cxd"2+axe”2,0] &&

Not [IntegerQ[p]] && EqQ[m+p,0] && LtQ[p,-1] && GtQ[n,0]

2: J(d+ex)"‘(f+gx)" (a+bx+cx®)?dx whenef-dg#@ A b>-4ac#0 A cd’-bde+ae’=@ APEZ AM+p=0 A p<-1

Rule1.2.1.4.22.442:Iffef-dg+0 Ab’2-4ac+0 Acd*>-bde+ae?=0Ape¢eZ Am+p=0 A p< -1,then

J(d+ex)"‘ (F+gx)" (a+bx+cx*)?dx —

n+1 p+1

e? (d+ex)™* (f+gx)"" (a+bx+cx?) e?g (m-n-2)

+ ~J.(d+ex)’"‘1 (F+gx)" (a+bx+cx2)p+1dlx
(p+1) (cef+cdg-beg) (p+1) (cef+cdg-beg)

Program code:

Int [ (d_+e_.*xx_)"m_x* ('F_. +8_. *x_) An_*(a_.+b_.*xX_+C_.*¥x_"2) "p_,x_Symbol] =
e"r2x (d+exx) N (m-1) » ('F+g*X) A(n+1) * (a+bxXx+Ccxx"2) A (p+1)/( (p+1) = (c*e*f+c*d*g_b*e*g) ) +
e72xgx (m-n-2) /((p+1) * (cxexfrcxdxg-brexg)) *Int[ (d+exx) " (m-1) » (F+g#X) Anx (a+bxx+Cxx"2) ~ (p+1) ,X] /3

FreeQ[{a,b,c,d,e,f,g,n},x] & NeQ[exf-dxg,0] & NeQ[b"2-4xaxc,0] & EqQ[c*d"2-bxdxe+axe~2,0] && Not[IntegerQ[p]] && EqQ[m+p,0] &&
LtQ[p,-1] && RationalQ[n]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

Int[(d_+e_.*x_) " m_ (f_.+g_.*X_)"n_« (a_+c_.+X_"2) " p_,x_Symbol] :=
enr2x (d+exx) (m-1) » ('F+g*x) A(Nn+l) % (a+C*xx"2) A (p+1)/(C* (p+1) = (e*f+d*g) ) +
e72xgx (M-n-2) /(cx (p+1) » (exfrdxg) ) »Int [ (d+exx) ~ (m-1) » (F+g*x) ~nx (a+cxx2) A (p+1) ,x] /3
FreeQ[{a,c,d,e,f,g,n},x] & NeQ[exf-d+g,0] && EqQ[cxd"2+axe”2,0] & Not[IntegerQ[p]] && EqQ[m+p,0] && LtQ[p,-1] && RationalQ[n]

5: ~J.(d+ex)’" (F+gx)" (a+bx+cx?)?dx whenef-dg#@ A b’-4ac#0 A cd’-bde+ae’=0 ApPE¢Z AmM+p=0AN>0AMmM-n-1#80

Rule 1.2.1.4.2.2.4.5: If
ef-dg+0 Ab’-4ac+0 Acd’-bde+ae?==0Ape¢Z Am+p=0ANn>0Am-n-1<+0,then

J(d+ex)m (Frgx)" (a+bx+cx?)Pax —

- +1

e (d+ex)™! (F+rgx)" (a+bx+cx?)? on (cef+cdg-beg) j(d+ex)'" (-F+gx)"'1 (a+bx+cx)?ax
c(m-n-1) ce(m-n-1)

Program code:

Int[(d_+e_.*x_) m_s (f_.+g_.*X_)"Nn_%(a_.+b_.*X_+C_.*x_"2)"p_,x_Symbol] :=
-ex (d+exx) A (m-1) # (F+g#X) “n* (a+bxx+C*x*2) ~ (p+1) / (C* (M-n-1)) -
nx (cxexfrcxdxg-brexg) /(cxex (M-n-1)) +Int [ (d+exx) "mx (F+gxx)~ (n-1) x (a+bxx+c*x2) *p,x]| /;
FreeQ[{a,b,c,d,e,f,g,m,p},x] && NeQ[exf-dxg,0] & NeQ[b"2-4xaxc,0] & EqQ[cxd"2-bxdxe+axe"2,0] &&
Not [IntegerQ[p]] && EqQ[m+p,0] && GtQ[n,0] &% NeQ[m-n-1,0] && (IntegerQ[2xp] || IntegerQ[n])

Int[(d_+e_.*x_)"m_x (f_.+g_.*X_) n_% (a_+c_.*x_"2)*p_,x_Symbol] :=

—ex (d+exX) " (M-1) » (F+g#X) ~n* (a+C*xx"2) ~ (p+1) / (cx (m-n-1)) -

n+ (e*f+d*g)/(e* (m-n-1) ) *Int [ (d+exx) "mx (f+g#Xx) " (n-1) » (a+Cc*x*2) *p,x]| /3
FreeQ[{a,c,d,e,f,g,m,p},x| & NeQ[exf-dxg,0] & EqQ[cxd"2+axe"2,0] &&

Not [IntegerQ[p]] && EqQ[m+p,0] &&% GtQ[n,0] && NeQ[m-n-1,0] && (IntegerQ[2xp] || IntegerQ[n])

6: J(d+ex)'" (F+gx)" (a+bx+cx?)Pdx whenef-dg#0 A b’-4ac#0 A cd’-bde+ae’=@ Ap¢Z Am+p=0 An<-1

Rule1.2.14.2246:1fef-dg+0 Ab’>-4ac+0 Acd>’-bde+ae?=0Ape¢Z Am+p=0 A n< -1,then

11



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

J(d+ex)"‘ (Frgx)" (a+bx+cx?)Pdx —

n+1l p+1

2 d m-1 f b 2 _ _
_e (d +ex) ( +gx) (a+ x+cx) _ cem-n-2) j(d+ex)’“(f+gx)n+1 (a+bx+cxz)pdlx
(n+1) (cef+cdg-beg) (n+1) (cef+cdg-beg)

Program code:

Int[(d_+e_.*x_) m_s (f_.+g_.*X_)"n_% (a_.+b_.*X_+C_.#X_"2)"p_,x_Symbol] :=
-e"2x (d+exx) ~ (m-1) % (-F+g*x) A(n+1) * (a+bxx+cxx~2) A (p+1)/( (n+1) = (c*e*f+c*d*g—b*e*g) ) -
cxex (m-n-2) /((n+1) » (cxexfrcxdxg-brexg) ) xInt [ (d+exx) Amx (Frgxx)~ (n+1) # (a+bxx+cxx2) *p,x] /;
FreeQ[{a,b,c,d,e,f,g,m,p},x| && NeQ[exf-d+g,0] & NeQ[b*2-4xaxc,0] && EqQ[cxd"2-bxdxe+axe”2,0] &&
Not [IntegerQ[p]] && EqQ[m+p,0] && LtQ[n,-1] && IntegerQ[2xp]

Int[(d_+e_.xx_)"m_x (f_.+g_.*X_) n_% (a_+C_.*x_"2)"p_,x_Symbol] :=
-e"2x (d+exx) ~ (m-1) ('F+g*x) A(n+l) % (a+c*xx"2) A (p+1)/( (n+1) (c*e*f+C*d*g) ) -
ex (m-n-2) /((n+1) » (exf+dxg) ) xInt[ (d+exx) "mx (f+g+x) A (n+1) * (a+c*x*2) *p,x] /;
FreeQ[{a,c,d,e,f,g,m,p},x] & NeQ[exf-dxg,0] & EqQ[c+d"2+axe"2,0] &&
Not [IntegerQ[p]] && EqQ[m+p,0] && LtQ[n,-1] && IntegerQ[2xp]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

Vd+ex
7: dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?==0
('F+gx

) Va+bx+cx?

Derivation: Integration by substitution

\/ a+b x+c x?
X

BaS|S: |f C d2 - b d e+ a e2 == @,then _Vdiex - —2dSubst[ 1 ~, X, \/a+bx+cxZ ] )
x\ a+b x+c x? a-dx Vd+ex

v d+ex

a+b x+c x?

Basis: If cd®> -bde +ae? = 0,then —Yeex .. 5e?subst| L
(Frgx) ,a+bx+cx2 c (ef+dg)-beg+e’gx

‘\/a+bx+cx ]6 \/
Vd+ex

’

Rule1.2.1.42247:f ef-dg+0 Ab>-4ac+0 A cd’>-bde+ae? = 0,then

1

dx — 262 SubstU.
a+bx+cx

J Vd+ex
f+gx

c(ef+dg)-beg+e?gx’

Program code:

Int[Sqrt[d_+e_.+x_]1/((f_.+g_.#x_)*Sqrt[a_.+b_.*x_+c_.*x_"2]),x_Symbol] :=
2*eA2*Subst[Int[1/(c*(e*f+d*g)—b*e*g+eA2*g*xA2),x],x,Sqrt[a+b*x+c*xA2]/Sqrt[d+e*x]] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & EqQ[c+d"2-bxdxe+axe"2,0]

Int[Sqrt[d_+e_.#x_]/((f_.+g_.#x_)*Sqrt[a_+c_.+x_"2]),x_Symbol] :=
2xe"2xSubst[Int[1/(c (exf+dxg) +er24g+x"2) ,x],x,Sqrt [a+cxx"2] /Sqrt[d+exx]] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] & EqQ[cxd"2+axe"2,0]

dx, x,

Vd+ex

Vd+e x

Va+bx+cx? ]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

5. J(d+ex)’“(f+gx)" (a+bx+cx?*)?dx whenef-dg#@ A b’-4ac#0 A cd’-bde+ae’=@ ApP¢Z Am+p-1==0

1: J(d+ex)"‘ (F+gx)" (a+bx+cx?)?dx when

ef-dg#0 Ab%>-4ac#0 A cd’-bde+ae?==0 Ap¢Z Am+p-1==0 Abeg(n+l)+cef(p+1l)-cdg(2n+p+3) =0 An+p+2+0

Rule1.2.1.42.251:f ef-dg+0 Ab>-4ac+0 Acd’-bde+ae?=0Ape¢Z A

m+p-1-==0 Abeg(n+1l)+cef (p+1)-cdg (2n+p+3) =0 AnNn+p+2+80

e? (d+ex)"? (-F+gx)"+1 (a+bx+cx2)'J+1

J(d+ex)"‘ (F+gx)" (a+bx+cx?)?dx —
cg(n+p+2)

Program code:

Int[(d_+e_.*x_) m_s (f_.+g_.*X_)"n_% (a_.+b_.*X_+C_.*X_"2)"p_,x_Symbol] :=
e"2x (d+exx) ™ (m-2) * (-F+g*x)"(n+1) * (a+bxX+C*x*2) ~ (p+1) / (Cxg* (n+p+2)) /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| && NeQ[exf-d«g,0] && NeQ[b"2-4xaxc,0] && EqQ[cxd*2-bxd+e+axe”2,0] &&
Not[IntegerQ[p]] && EqQ[m+p-1,0] && EqQ[bxexgx (n+1) +cxexfx (p+1) -Cxdxgx (2xn+p+3),0] && NeQ[n+p+2,0]

Int[(d_+e_.*x_) m_s (f_.+g_.*X_)"n_% (a_+C_.*x_"2)"p_,x_Symbol] :=
e”2x (d+exX) A (M-2) » (F+gxX) A (N+1) # (a+C*x"2) A (p+1) / (Cxgx (N+p+2)) /;
FreeQ[{a,c,d,e,f,g,m,n,p},x] && NeQ[exf-dxg,0] & EqQ[cxd"2+axe"2,0] &&
Not[IntegerQ[p]] && EqQ[m+p-1,0] && EqQ[exfx (p+1)-dxg (2xn+p+3),0] && NeQ[n+p+2,0]

, then
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

2: J(d+ex)'" (F+gx)" (a+bx+cx?)?dx whenef-dg#@ A b’-4ac#0 A cd’-bde+ae’=0 Ap¢Z Am+p-1=0 An<-1

Rule1.2.1.4.2252:Ifef-dg+0 Ab2-4ac+0 Acd*>’-bde+ae?=0Ape¢Z Am+p-1=0 A n< -1,
then
J(d+ex)m(f+gx)"(a+bx+cx2)pdlx—>
e? (ef-dg) (d+ex)™2 (F+gx)"" (a+bx+cx?)P? e(beg(n+1)+cef (p+1) -cdg(2n+p+3)

_ ) J‘(d+ex)m'1 (-F+gx)"+1 (a+bx+cx?)Pdx
g(n+1) (cef+cdg-beg) g(n+1) (cef+cdg-beg)

Program code:

Int[(d_+e_.*x_) m_ (f_.+g_.*X_)"n_% (a_.+b_.*X_+C_.*X_"2)"p_,x_Symbol] :=
en2x (e*f—d*g) * (d+exx) A (m-2) ('F+g*x) A(n+1) * (a+bxXx+Ccxx”2) A (p+1)/(g* (n+1) = (C*e*f+C*d*g—b*e*g) ) -
ex (b*e*g* (n+1) +cxexfx (p+1) ~Cxd*xg* (2xN+p+3) )/(g* (n+1) * (C*e*'F+C*d*g—b*e*g) ) *
Int[ (d+exx) (m-1) # (F+g*x) " (n+1) * (a+bxx+c*x2) ~p,x| /;
FreeQ[{a,b,c,d,e,f,g,m,p},x] && NeQ[exf-dxg,0] & NeQ[b"2-4xaxc,0] && EqQ[cxd"2-bxdxe+axe"2,0] &&
Not [IntegerQ[p]] && EqQ[m+p-1,0] && LtQ[n,-1] && IntegerQ[2xp]

Int[(d_+e_.*x_)" m_s (f_.+g_.*X_)"n_% (a_+C_.*x_"2)"p_,x_Symbol] :=

en2x (e*f—d*g) * (d+exx) ™ (m-2) * (-F+g*x) A(n+l) * (a+Ccxx"2) A (p+1)/(C*g* (n+1) = (e*f+d*g) ) -

ex (e*f* (p+1) -d*g* (2xn+p+3) )/(g* (n+1) » (e*f+d*g) ) *Int [ (d+exx)~ (m-1) % ('F+g*x) A(n+1) * (a+C*xx"2) "p,x] /3
FreeQ[{a,c,d,e,f,g,m,p},x| & NeQ[exf-dxg,0] & EqQ[c+d"2+axe"2,0] &&

Not [IntegerQ[p]] && EqQ[m+p-1,0] && LtQ[n,-1] &% IntegerQ[2xp]

3: J(d+ex)'" (F+gx)" (a+bx+cx?)Pdx whenef-dg#0 A b’-4ac#0 A cd’-bde+ae’=0@ Ap¢Z Am+p-1=0 Ang-1

Rule1.2.1.4.2253:Ifef-dg+0 Ab’2-4ac+0 Acd*>’-bde+ae?=0Ape¢Z Am+p-1=0 An< -1,
then

J(d+ex)m ('F+gx)n (a+bx+cx2)pdlx —
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p
e? (d +ex)™? (1’+gx)"+1 (a+bx+cx2)p+1 beg(n+l) +cef(p+1l) -cdg (2n+p+3)
cg(n+p+2) cg(n+p+2)

J(d+ex)'“‘1 (Frgx)" (a+bx+cx?)?dx

Program code:

Int[(d_+e_.*x_) m_s(f_.+g_.*X_)"n_% (a_.+b_.*X_+C_.*x_"2)"p_,x_Symbol] :=
en2x (d+exx) (m-2) ('F+g*x)"(n+1) * (Q+b*Xx+Cc*x"2) ~ (p+1) / (C*g* (n+p+2)) -
(b*e*g*(n+1)+c*e*f*(p+1)-c*d*g*(z*n+p+3))/(c*g*(n+p+2))*Int[(d+e*x)A(m-1)*(f+g*x)An*(a+b*x+C*xA2)Ap,x] /5
FreeQ[{a,b,c,d,e,f,g,m,n,p},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] && EqQ[c*d"2-bxdxe+axe 2,0] &&
Not [IntegerQ[p]] && EqQ[m+p-1,0] && Not[LtQ[n,-1]] &% IntegerQ[2xp]

Int[(d_+e_.xx_) " m_s (f_.+g_.*X_)"n_%(a_+C_.*X_"2)"p_,Xx_Symbol] :=
eAZ*(d+e*x)A(m—2)*(f+g*x)A(n+1)*(a+c*xA2)A(p+1)/(c*g*(n+p+2)) -
(exfx (p+1) ~dxgx (2#n+p+3) ) /(g (n+p+2) ) »Int [ (d+exx) ~ (M-1) » (F+gxx) ~nx (a+c*x2) *p,x] /;
FreeQ[{a,c,d,e,f,g,m,n,p},x| && NeQ[exf-d+g,0] && EqQ[cxd"2+axe"2,0] &&
Not [IntegerQ[p]] && EqQ[m+p-1,0] && Not[LtQ[n,-1]] && IntegerQ[2xp]

6: J(d+ex)"‘(f+gx)" (a+bx+cx?)Pdx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae’=@ ApPEZ A (M€Z*V (m|n)€Z)

Derivation: Algebraic expansion

Rule1.2.1.4226:If ef-dg+@ Ab*>-4ac+0 Acd*>-bde+ae’?=0Ape¢eZ A (MeZ"V (m|n)eZ),then

f(d+ex)'“ (F+gx)" (a+bx+cx2)pd]x — JExpandIntegr‘and[(d+ex)m (F+gx)" (a+bx+cx2)p, x| dx

Program code:

Int [ (d_+e_.*x_)"m_x* ('F_. +g_.*x_) n_x(a_.+b_.*X_+C_.*¥x_"2) "p_,x_Symbol] =
Int[ExpandIntegrand [ (d+exx) "m« (f+g»x) " n« (a+bxx+cxx*2)*p,x],x] /;

FreeQ[{a,b,c,d,e,f,g,n,p},x] && NeQ[exf-dxg,0] & NeQ[b"2-4xaxc,0] && EqQ[cxd"2-bxdxe+axe"2,0] &&
Not[IntegerQ[p]] && ILtQ[m,@] && (ILtQ[n,@] || IGtQ[n,@] && ILtQ[p+1/2,0]) && Not[IGtQ[n,e]]

Int[(d_+e_.*x_) m_s (f_.+g_.*X_)"n_% (a_+C_.*x_"2)"p_,Xx_Symbol] :=
Int[ExpandIntegrand [1/Sqrt[a+cx"2], (d+exX) mx (f+gxX) nx (a+cxx*2) " (p+1/2),x],x] /;
FreeQ[{a,c,d,e,f,g,n,p},x] & NeQ[exf-dxg,0] & EqQ[c+d"2+axe"2,0] && IntegerQ[p-1/2] && ILtQ[m,0] 8&& ILtQ[n,0] && Not[IGtQ[n,0]]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p 17
Int[(d_+e_.*x_) " m_ (f_.+g_.*X_)"n_x (a_+c_.*x_"2)"p_,x_Symbol] :=

Int[ExpandIntegrand [ (d+exx)"ms (f+g#x)"n« (a+cxx"2)*p,x],x]| /;
FreeQ[{a,c,d,e,f,g,n,p},x] & NeQ[exf-dxg,0] & EqQ[c+d"2+axe"2,0] && Not[IntegerQ[p]] & ILtQ[m,0] & (ILtQ[n,@] || IGtQ[n,0] && ILtQ[p+1/2,0]

7: J(d+ex)’"(f+gx)" (a+bx+cx?)Pdx whenef-dg#@ A b>-4ac#@ A cd’-bde+ae’=0 A p+%eZ'A mezZ*'A nez*

Derivation: Algebraic expansion and special quadratic recurrence 2b

Basis:If cd’-bde+ae?=0,then (d+ex) (ae+cdx) =de (a+bx+cx?)

Rule1.2.14.22.7:ff ef-dg+@ A b’-4ac+@ Acd’-bde+ae’=@ Ap+3€Z AmMeZ ' AneZ,
let @u-1 [x] - PolynomialQuotient[ (f+gx)", ae+cdx, x] and h - PolynomialRemainder [ (f + gx)", ae+ cdx, x],then

j(d+ex)’" (Frgx)" (a+bx+cx?)Pdax —
hj(d+ex)'“ (a+bx+cx2)pdlx+deJ(d+ex)”‘1Qn_1[x] (a+bx+cx2)p’1d1x —

h(2cd-be) (d+ex)™ (a+bx+cx2)p+1

e (p+1) (b*-4ac) '

1
(p+1) (b

- ) J~(d+ex)““1 (a+bx+cx2)p":l (de (p+1) (b®-4ac)Qni[x]-h(2cd-be) (m+2p+2))dx
-4ac

Program code:

Int[(d_.+e_.#x_ ) m_.% (F_.+g_.*X_) " N_x (a_.+b_.*X_+C_.*X_"2)"p_,x_Symbol] :=
With[{Q=PolynomialQuotient [ (f+gx)~n,axe+cxd*x,x], h=PolynomialRemainder[ (f+gxx)~n,axe+cxd*x,x]},
hx (2xcxd-bxe) * (d+exX) *mx (a+bxXx+Cxx*2) ~ (p+1) / (e* (p+1) = (b"2-4xaxc)) +
1/ ((p+1) * (b*2-4xaxc) ) *Int[ (d+exx)~ (m-1) * (a+bxX+Cc*x*2) ~ (p+1) *
ExpandToSum[dxe* (p+1) * (b*2-4xaxc) xQ-h* (2xcxd-bxe) * (M+2xp+2) ,x] ,X] ] /5
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4+axc,0] & EqQ[c+d"2-bxdxe+axe"2,0] && ILtQ[p+1/2,0] && IGtQ[m,0] && IGtQ[n,0] && Not[IG



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

Int[(d_.+e_.#x_) m_.* (f_.+g_.*X_)"n_x (a_+c_.+x_"2)"p_,x_Symbol] :=
With[{Q=PolynomialQuotient [ (f+g#x)~n,axe+cxdxx,x], h=PolynomialRemainder[(f+gxx)~n,axe+cxd*x,x]},
-dxh* (d+exX) “mx (a+Cc*x"2) ~ (p+1) / (2*xaxe* (p+1)) +
d/ (2xax (p+1) ) *Int [ (d+exx)~ (m-1) x (a+Cc*x"2) ~ (p+1) xExpandToSum[2xaxe* (p+1) *Q+hx (m+2xp+2) ,x],Xx] ] /5
FreeQ[{a,c,d,e,f,g},x] && NeQ[esf-d«g,0] && EqQ[cxd*2+axe~2,0] & ILtQ[p+1/2,0] && IGtQ[m,0] && IGtQ[n,@] && Not[IGtQ[n,0]]

8: J(d+ex)’"(f+gx)" (a+bx+cx?*)?dx whenef-dg#@ A b’-4ac#0 A cd’-bde+ae’ =@ ApPE¢Z AM+N+2p+1=0 AMEZ ANEZ"

Derivation: Algebraic expansion

Rule 1.2.1.4.2.2.8: If
ef-dg+0@ Ab’-4ac+0@ Acd’-bde+ae’?=0Ape¢Z Am+n+2p+1=0ANneZ AmeZ ,then

(d+ex)" (F+gx a+bx+cx dx — a+bx+cx ExpandIntegrand| (d+ex)™ (f+gx)", x| dx
| (F+ex)" ( )rax — [ )’ [ (F+8x)" %]

Program code:

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_) n_x(a_.+b_.#x_+c_.*x_"2)"p_,x_Symbol] :=
Int [ExpandIntegrand[ (a+bxx+cxx"2)~p, (d+exx) *mx (f+g*x)~n,x],x] /;

FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] && EqQ[c+d"2-bxdxe+axe~2,0] && Not[IntegerQ[p]] &&
EqQ[m+n+2xp+1,0] &&% ILtQ[m,0] && ILtQ[n,0]

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_) n_x (a_+C_.*x_"2)"p_,x_Symbol] :=

Int[ExpandIntegrand [ (a+c*x"2)"p, (d+exx) *mx (f+gxx)~n,x],x]| /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0]| && EqQ[cxd*2+axe~2,0] && Not[IntegerQ[p]] && EqQ[m+n+2xp+1,0] & ILtQ[m,0] & ILtQ[n,O]

X: J(d+ex)’"(f+gx)" (a+bx+cx?)Pdx whenef-dg#@ A b’-4ac#0 A cd’-bde+ae’=@ APEZ AM+n+2p+1#0 Anez’

Derivation: Algebraic expansion and quadratic recurrence 3awithA =d,B=eandm=m-1

Rulel1.2.1422x:Ifef-dg+0 Ab>-4ac+0 Acd’>°-bde+ae?=0Ape¢eZ Am+n+2p+1+0 Anez’
then

18



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

J(d+ex)"‘ (Frgx)" (a+bx+cx?)Pdx —

n n
J(d+ex)m [(f+gx)"—g—n (d+ex)“] (a+bx+cxz)'°dlx+g—nJ~(d+ex)"I+n (a+bx+cx®)?Pdx —
e e

g" (d+ex)™? (a+bx+cx?)P?

1
+ J(d+ex)”(a+bx+cx2)p-

ce™ m+n+2p+1) ce" (m+n+2p+1)

(ce" m+n+2p+1) (F+gx)"-cg' (m+n+2p+1) (d+ex)"+eg’ (m+p+n) (d+ex)"? (bd-2ae+ (2cd-be) x)) dx

Program code:

(» Int[(d_.+e_.*x_)™m_.(f_.+g_.#X_) n_x(a_.+b_.*Xx_+C_.#X_"2)"p_,x_Symbol] :=
g "nx (d+exx) » (m+n-1) * (a+bxx+c*x”2) ~ (p+1) / (cxe” (n-1) * (m+n+2xp+1)) +
1/ (cxe”*nx (m+n+2%p+1) ) xInt [ (d+exXx) “m* (a+b*Xx+Cc*x"2) *p*
ExpandToSum[cxe nx (m+n+2#p+1) * (f+gxX) "N-Cxg Nx (M+N+2%P+1) * (d+€%X) "N+e*g N* (M+p+n) * (d+exX) ~ (N-2) * (bxd-2xaxe+ (2xcxd-bxe) *x) ,x]|,x] /;
FreeQ[{a,b,c,d,e,f,g,m,p},x| && NeQ[exf-d+g,0] & NeQ[b*2-4xaxc,0] && EqQ[cxd"2-bxdxe+axe”2,0] & Not[IntegerQ[p]] &&
NeQ[m+n+2xp+1,0] & IGtQ[n,0] )

(» INt[(d_.+e_.*x_)"m_.(f_.+g_.*X_) n_*(a_+C_.*x_"2)"p_,x_Symbol] :=
g nx (d+exx) ~ (m+n-1) * (a+C*x*2) ~ (p+1) / (cxe” (n-1) * (m+n+2xp+1)) +
1/ (cxe”nx (m+n+2xp+1) ) »Int [ (d+exX) “mx (a+C*X"2) *p*
ExpandToSum[cxe nx (m+n+2#p+1) & (f+gxX) "N-Cxg Nx (M+N+2xp+1) # (d+€%X) "N-24€*g N* (M+P+Nn) » (d+exX) * (N-2)  (axe-cxdxX) ,x],Xx]| /3
FreeQ[{a,c,d,e,f,g,m,p},x| & NeQ[exf-dxg,0] & EqQ[c*d"2+axe"2,0] && Not[IntegerQ[p]] & NeQ[m+n+2xp+1,0] && IGtQ[n,0] x)

19



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

9: J-(ex)m (F+gx)" (bx+cx?)Pdx whenp¢z

Derivation: Piecewise constant extraction

ex)™ (bx+c xz)p

X™P (b+c x)P

::e

Basis: Oy (

Rule 1.2.1.4.2.2.9:If p ¢ 7, then

(ex)" (bx+cx?)?

J.(ex)’" (F+gx)" (bx+cx2)pdlx — jx'“*p (F+gx)" (b+cx)Pdx

x™P (b+cx)P

Program code:

Int[ (e_.*x_) m_ (f_.+g_.*X_) n_x (b_.*X_+C_.*X_"2)"p_,x_Symbol] :=
(€%X) A (b#X+CX"2) Ap/ (X (M+p) * (b+CxX) Ap) xInt X" (m+p) » (F+g#X) *nx (b+cxx) *p,X] /3
FreeQ[{b,c,e,f,g,m,n},x] & Not[IntegerQ[p]] && Not[IGtQ[n,0]]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p 21

10: J-(d+ex)’“(f+gx)" (a+cx?*)Pdx whenef-dg#8 A cd’+ae’=0 Ape¢zZ Aa>0 Ad>0

Derivation: Algebraic simplification
Basis:If cd®+ae?=0 Aa>0 Ad>0,then (a+cx?)’ = (a- MV’: (d+ex)P |
Rule1.2.1.4.2.2.10:1f ef-dg+0@ A cd’+ae?=0 Ape¢Z A a>0 A d>0,then

[@renm (frex)" (avext)rax - [@ren™ (Frx)" T+ ) ax
e

Program code:

Int[(d_+e_.*x_) " m_s (f_.+g_.*X_)"n_x (a_+C_.*x_"2)"p_,x_Symbol] :=
Int [ (d+exx) " (m+p) » (F+gxx) "nx (a/d+c/exx) *p,x] /;
FreeQ[{a,c,d,e,f,g,m,n},x] & NeQ[exf-dxg,0] & EqQ[c+d"2+axe"2,0] 8&& Not[IntegerQ[p]] & GtQ[a,0] && GtQ[d,0] && Not[IGtQ[m,0]] & Not[IGtQ[n,¢



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p 22

1t\[M+exﬂ(f+gxr(a+bx+cxﬂpdxwmmef—dg¢0Alﬂ—4aC¢0Acdz—bde+aeH=0ApeZ

Derivation: Piecewise constant extraction

Basis:If cd?> -bde +ae? == 0, then oy -0
( +rex)P <Q+C_X)
d e
Basis: If d2 b d 2 h <a+b X+ C XZ)p B (a+bX+C X2>Fr‘acPar‘t[p:
aslis: C - e +ae” = @,t en (d+e x)P <i+g>p o (d+e x) FracPart(p] (§+_X>Fr‘acPar~t[p:
d e at e

Note: This could replace the above rules in this section, but would result in slightly more complicated antiderivatives.

Rule1.2.1.4.22.11:If ef-dg+0 Ab>-4ac+0 Acd’-bde+ae?2=0 A p ¢ Z,then

FracPart[p]

J(d+ex)m ('F+gx)n (a+bx+cx2)pd1x —

J(d+ex)’“*p ('F+gx)n (i+ c—x)pdlx

(d +e X) FracPart[p] (g + u) FracPart[p] d R
d e

Program code:

Int[(d_+e_.*x_) m_s (f_.+g_.*X_)"Nn_% (a_.+b_.*X_+C_.#x_"2)"p_,x_Symbol] :=
(*(a+b*x+c*xA2)Ap/((d+e*x)Ap*(a*e+c*d*x)Ap)*Int[(d+e*x)A(m+p)*(f+g*x)An*(a*e+c*d*x)Ap,x] /3 *)

(a+b*x+c*x"2) *FracPart [p]/ ( (d+e+X) “FracPart[p] = (a/d+ (cxx) /e) *FracPart[p]) +Int [ (d+exx) " (m+p) » (f+g*X) *nx (a/d+c/exx)"p,x| /;
FreeQ[{a,b,c,d,e,f,g,m,n},x] && NeQ[exf-d«g,0] & NeQ[b"2-4+a+c,0] & EqQ[cxd*2-bxdxe+axe"2,0] & Not[IntegerQ[p]] & Not[IGtQ[m,0]] && Not[IGt

Int[(d_+e_.*x_) " m_s (f_.+g_.*X_)" n_x(a_+C_.*x_"2)"p_,x_Symbol] :=
(a+c*x”2) “FracPart[p]/ ( (d+exx) “FracPart[p] « (a/d+ (cxx) /e) ~FracPart [p]) »Int[ (d+exx) ~ (m+p) » (F+g»x) ~n« (a/d+c/exx) *p,x] /;
FreeQ[{a,c,d,e,f,g,m,n},x] & NeQ[exf-dxg,0] & EqQ[c+d"2+axe"2,0] & Not[IntegerQ[p]] && Not[IGtQ[m,0]] & Not[IGtQ[n,O]]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

3: J(d+ex)m(f+gx)" (a+bx+cx?)?dx whenef-dg#@ A b’-4ac#0 A cd’-bde+ae’#@ A (m|n|p)ez

Derivation: Algebraic expansion

Rule1.2.14.3:If b>-4ac+0 A cd>-bde+ae?+@ A (m|n|p) ez, then

j(d+ex)'" (Frgx)" (a+bx+cx?)Pdx — JExpandIntegrand[(d+ex)m (Frgx)" (a+bx+cx?)P, x] dx

Program code:

Int[(d_.+e_.#x_ ) m_x (f_.+g_.#X_) n_x(a_.+b_.#X_+C_.*x_"2)"p_.,x_Symbol]| :=
Int[ExpandIntegrand [ (d+exx) "m« (f+gxx) " n« (a+bxx+cxx*2)*p,x],x] /;

FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[c+d"2-bxdse+axe"2,0] && IntegerQ[p] &
(EqQ[p,1] && IntegersQ[m,n] || ILtQ[m,0] && ILtQ[n,0])

Int[(d_.+e_.#x_ ) m_x (f_.+g_.#X_) n_x(a_+C_.*Xx_"2)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (d+exx)"m« (f+g#x)"n« (a+cxx"2)~p,x],x] /;

FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-d«g,0] & NeQ[cxd"2+axe"2,0] & IntegerQ[p] &&
(EqQ[p,1] && IntegersQ[m,n] || ILtQ[m,0] &% ILtQ[n,0])

dx whenef-dg#0 A b>-4ac#0 A cd>-bde+ae?#0 Ap¢eZ Ap>0

N J~ (a+bx+cx?)P

(d+ex) (f+gx)

Reference: Algebraic expansion

Bas's- a+b x+c x? - (cd*-bde+ae?) (frgx) _cdf-bef+aeg-c (ef-dg) x
: d+e x e (ef-dg) (d+ex) e (ef-dg)
Rulel1.2.14.4:If ef-dg+0@ Ab’>-4ac+0 Acd>-bde+ae?+0 Ape¢Z A p>0,then

dx —

J~ (a+bx+cx?)?

(d+ex) (f+gx)
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

p-1 1

cd’-bde+ae? ((a+bx+cx?)
J dx - dx

1 (cdf-befraeg-c(ef-dg)x) (a+bx+cx?)”
e(ef-dg) d+ex e(ef-dg).J.

f+rgx

Program code:

Int [ (a_.+b_.*x_+cC_.*x_"2) "p_/( (d_.+e_.%X_)* ('F_. +8 . *x_) ) ,x_Symbol] E=

(cxd*2-bxdxe+axe”2) /(ex (exf-dxg)) +Int[ (a+bxx+cxx"2) A (p-1) / (d+exx) ,X] -

1/ (ex (exf-dxg)) +Int[Simp[cxdsf-brexfraresg-cx (exf-dxg) +X,X] * (a+bsx+cxx 2)~ (p-1) / (f+g+x),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[c+d"2-bxdxe+axe"2,0] && FractionQ[p] && GtQ[p,@]

Int[(a_+c_.*x_"2)"p_/((d_.+e_.xx_)*(f_.+g_.*x_)),x_Symbol] :=

(cxd*2+axen2) /(ex (exf-dxg) ) *xInt[ (a+cxx"2) " (p-1) / (d+exx),x] -

1/ (ex (exf-dxg) ) +Int[Simp[cxdxfraxexg-cx (exf-dxg) +Xx,X] * (a+cxx"2) "~ (p-1) / (f+g+x),x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] & NeQ[cxd"2+axe"2,0] & FractionQ[p] && GtQ[p,0]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

5: J(d+ex)'“(f+gx)" (a+bx+cx?)?dx whenef-dg#@ A b’ -4ac#@ A cd’-bde+ae’#@ A (N|p) €Z A MEF

Derivation: Integration by substitution
Basis: If g € Z*, then
(d+ex)" (F+gx)" (a+bx+cx?)P =

2 2 2
—gSubst{xq (m+1) -1 (%ng gex_q>n (cd—b:2e+ae B (2cd;l2:)e) x4 c;Q)D, X, (d+ex)1/q} O <d+ex)1/q

Rule1.2.145:fef-dg+@ Ab>-4ac+@ Acd’-bde+ae?+0 A (n|p)eZ AmeF,let
g = Denominator [m], then

2

J(d+ex)"‘ (F+rgx)" (a+bx+cx?)Pdx — ﬂSubst[Jxq (m+1)-1 ( "

ef-dg gxq]"(cdz-bde+ae2 (2cd-be) x3 cx?d
e S
e

p
- + ] dx, x, (d+ex)1/q]
e e

2

e e e

Program code:

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_) n_x(a_.+b_.#x_+c_.*x_"2)"p_.,x_Symbol] :=
With[{q=Denominator[m]},
q/exSubst [Int[x (qx (m+1) -1) » ( (exf-dxg) /e+gxx"q/e) ~nx
((c*d"2-bxdxe+axer2) /e"2- (2xCxd-bxe) xx"q/e"2+C#X" (2%q) /e”2) *p,X],X, (d+exx)~(1/q) || /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bxdxe+axe"2,0] & IntegersQ[n,p] && FractionQ[m]

Int[(d_.+e_.#x_) m_x (f_.+g_.*X_)"n_x(a_+C_.*X_"2)"p_.,x_Symbol] :=

With[{q=Denominator[m]},

q/exSubst [Int[x” (q# (m+1) -1) » ( (exf-dxg) /e+gxx"q/e) Anx ((cxd"2+axe”2) /e"2-2xCxdxX"q/e 2+C4X" (2xq) /€”2) *p,X] , X, (d+exx)~ (1/q) |] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd*2+axe~2,0] & IntegersQ[n,p] & FractionQ[m]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

6. j(d+ex)'“(f+gx)" (a+bx+cx2)pdlx whenef-dg#0@ Ab?>-4ac#0 A cd’-bde+ae’#0 Am-n=0 Aef+dg=0

1: J(d+ex)"‘(f+gx)" (a+bx+cx?)Pdx whenm-n=0 A ef+dg=0 A (mez vd>0 A f>0)

Derivation: Algebraic simplification
Basis:If e f +d g=0ANd>0 AN f> 9, then (d+ex)" (f+gx)" = (df+egx?)"
Rulel1.2.146.1:fm-n=-=0 Aef+dg=0 A (MmecZ Vv d>0 A f>0),then

J(d+ex)"‘ (F+rgx)" (a+bx+cx?)Pdx — J(df+egx2)m (a+bx+cx?)Pdx

Program code:
Int[(d_+e_.*X_) M_s (F_+g_.*X_)"N_x (a_.+b_.*X_+C_.*X_"2)"p_.,x_Symbol] :=
Int[ (dxf+exgsx"2) "mx (a+bxx+cxx"2) p,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x] & EqQ[m-n,8] & EqQ[exf+d+g,0] && (IntegerQ[m] || GtQ[d,0] & GtQ[f,0])
Int[(d_+e_.*x_) m_x (f_+g_.*X_)"n_x(a_.+C_.*x_"2)"p_.,x_Symbol] :=

Int[ (dxfrexgsx"2)mx (a+Ccxx*2)*p,x]| /3
FreeQ[{a,c,d,e,f,g,m,n,p},x| && EqQ[m-n,0] && EqQ[exf+dxg,0] && (IntegerQ[m] || GtQ[d,0] && GtQ[f,0])

2: J(d+ex)'"(f+gx)" (a+bx+cx?)Pdx whenm-n=0 A ef+dg=0

Derivation: Piecewise constant extraction

. B (d+ex)" (f+gx)™ __
Basis: If e f + d g == 0, then 6y (dfiegxt)” 0

Rule1.2.1.46.2:1f m-n=0 A ef +dg = 0,then



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

(d +ex) FracPart[m] ('F +g X) FracPart[m]

(d f+e g XZ) FracPart[m]

J}d+exﬂ(f+gxf(a+bx+cxﬂpdx-a (df+egx?®)" (a+bx+cx*)?dx

Program code:

Int[(d_+e_.*Xx_) m_ (F_+g_.*X_) N_x (a_.+b_.*X_+C_.*X_"2)"p_.,x_Symbol] :=
(d+exx) "FracPart [m]  (f+gxx) "FracPart[m] / (d«f+exg«x"2) ~"FracPart [m] xInt [ (d+f+exgxx"2) *mx (a+bxx+c*x"2)p,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| && EqQ[m-n,0] && EqQ[exf+dxg,0]

Int[(d_+e_.xx_)" m_s (f_+g_.*X_) n_x(a_.+C_.#X_"2)"p_,x_Symbol] :=
(d+exx) “FracPart[m] » (f+g«x) ~FracPart [m]/(d*f+e*g*x"2) AFracPart [m] «Int [ (dxfrexg»x"2) "m« (a+c#x"2)*p,x] /;
FreeQ[{a,c,d,e,f,g,m,n,p},x] && EqQ[m-n,0] && EqQ[exf+d+g,0]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

(d+ex)™ (f+gx)™ ) ) )
7. J dx whenef-dg#0 Ab°-4ac#0 A cd -bde+ae’*#0 AmM¢Z An¢z

a+bx+cx?

d+ex)" (£f+gx)"
1. J( )" (£+gx) dx whenb?-4ac#0 A cd>-bde+ae?#0 AmM¢Z An¢Z Am>0

a+bx+cx?

dx whenb?-4ac#0 A cd’-bde+ae?#0 AmM¢Z AnN¢Z Am>0An>0

1 J‘(d+ex)m(f+gx)“

a+bx+cx?

dx whenb?-4ac#0 A cd’>-bde+ae?#0 AmM¢Z An¢Z Am>0 An>1

; J«(d+ex)’" (F+gx)"

a+bx+cx?

Reference: Algebraic expansion

BaSIS. (d+ex)™ (f+gx)" __ g(2cef+cdg-begscegx) (drex)™? (f+gx)"2 1
’ a+b x+c x? c? c? (a+bx+cx?)

(c2df?-2acefg-acdg’+abeg?+ (2ef?+2c?dfg-2bcefg-bcdg?+b2eg’-aceg?) x) (d+ex)"" (f+gx)"?

Rule1.2.1.4.7.1.1.1:1f b>-4ac+0© A cd’>-bde+ae*?+@® Am¢Z Ané¢Z Am>0 A n>1, then

dx —

(d+ex)" (f+gx)"
J a+bx+cx?

2

%J(Zcef+cdg-beg+cegx) (d+ex)m—1 (f+gx)n_ dx +
(o

2

1 1

— | /(¢ -2acefg-acdg°+abeg + (cef +2c g- cefg-bcdg"+b°eg°-aceg’) x) (d+ex) +8X dx
. ~(c?df? -2 f dg’+abeg’+ (cef?+2c*dfg-2bcefg-bcdg’+b*eg? z d " (f "
c a+bx+cx

Program code:

Int[(d_.+e_.#x_) m_x (f_.+g_.*x_)"n_/(a_.+b_.*x_+C_.*Xx_"2),x_Symbol] :=
g/c 2+Int [Simp [2xcxexfrcrdrg-brexgrcrexgaX,X| » (d+exx) A (m-1) » (F+gxx) " (n-2) ,x] +
1/c”2xInt [Simp [c"z*d*f"Z—2*a*c*e*f*g—a*c*d*g"2+a*b*e*g"2+ (c"2*e*f"2+2*c"2*d*f*g—2*b*C*e*'F*g—b*c*d*g"2+bAZ*e*gAz—a*C*e*g"Z) *x,x] *
(d+exx) ™ (m-1) % (f+g*x) A (n—2)/(a+b*x+c*x"2) ,x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4+axc,8] & NeQ[c+d"2-bxdse+axe"2,0] && Not[IntegerQ[m]] & Not[IntegerQ[n]] && GtQ[m,0] & GtQ[n,1]

Int[(d_.+e_.#x_)"m_x (f_.+g_.*x_)"n_/(a_+c_.*x_"2),x_Symbol] :=
g/cxInt[Simp[2xexf+dxg+exgax,X]* (d+exx) ~ (m-1) » (F+g*x) " (n-2),x] +
1/c*Int [Simp [c*d*f"z—2*a*e*f*g—a*d*g"2+ (c*e*‘F"2+2*c*d*f*g—a*e*g"z) *x,x] * (d+exx) A (m-1) » (f+g*x) 2 (n—2)/(a+c*x"2) ,x] /3
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd"2+axe~2,0] & Not[IntegerQ[m]] && Not[IntegerQ[n]] & GtQ[m,0] && GtQ[n,1]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

dx whenb?-4ac#0 A cd’-bde+ae?#0@ AmM¢Z An¢Z Am>0 An>0

d+ "+ "
Z‘J( ex)" (f+gx)

a+bx+cx?

Reference: Algebraic expansion

Basis: drex)" (frgx)" _ eg(drex)™ (f+gx)"" | (cdf-aege(cefrcdg-beg)x) (drex)™ (fegx)"
’ a+b x+c x? c c (a+bx+cx?)

Rule1.2.1.4.7.1.1.2:1f b>-4ac+0@ A cd’>-bde+ae?+@ Am¢Z An¢Z Am>0 A n>0,then

j(d+ex)’" (F+gx)" ix
N

a+bx+cx?
e 1 ((cdf-aeg+ (cef+rcdg-beg)x) (d+ex)™? (f+gx)""

—gJ-(d+ex)’"‘1 (f+gx)"'1dlx+—j dx
c

c a+bx+cx?

Program code:

Int[(d_.+e_.#x_) m_x (f_.+g_.*x_)"n_/(a_.+b_.*x_+c_.*X_"2),x_Symbol] :=

exg/cxInt[ (d+exx) " (m-1) # (F+gsx)~ (n-1),x] +

1/c*Int [Simp [c*d*f—a*e*g+ (c*e*f+c*d*g—b*e*g) *x,x] * (d+exx) A (m-1) ('F+g*x) 2 (n—1)/(a+b*x+c*x"2) ,x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4+axc,0] & NeQ[c+d"2-bxdxe+axe"2,0] &&

Not [IntegerQ[m]] && Not[IntegerQ[n]] && GtQ[m,0] && GtQ[n,0]

Int[(d_.+e_.#x_)"m_x (f_.+g_.*x_)~n_/(a_+c_.*x_"2),x_Symbol] :=

exg/cxInt [ (d+exx)~ (m-1) » (f+g*x)"(n-1) ,x] +

1/c+Int[Simp[cxdxf-axexg+ (cxesfrcrdsg) +X,X] » (d+exx) A (m-1) # (F+gxx)~ (n-1) /(a+cxx"2) ,x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd*2+axe”2,0] & Not[IntegerQ[m]] && Not[IntegerQ[n]] & GtQ[m,0] && GtQ[n,O]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

(d+ex)" (f+gx)"
2: J dx whenb?-4ac#0 A cd’-bde+ae?#@ Am¢Z An¢Z Am>0 An<-1
a+bx+cx?

Reference: Algebraic expansion

Basis: {d:tex)" (Fsgx)® __ _ g(ef-dg) (drex)™* (fsgx)"  (cdf-bdgraegic (ef-dg) x) (drex)™? (frgx)™?
: a+b x+c x? cf?-bfg+ag? (cf2-bfg+ag?) (a+bx+cx?)

Rule1.2.1.4.7.1.2:1f b>-4ac+0 A cd*’-bde+ae?+0 Ame¢Z Ane¢Z Am>0 A n< -1,then

j(d+ex)’" (F+gx)"

dx —
a+bx+cx?
g ef-dg 1 cdf-bdg+aeg+c(ef-dg)x) (d+ex)™? -F+gx"+1
_—( J(d+ex)m1(f+gx) dx + J( ( ) ) ( ) dx
cf’-bfg+ag? cf’-bfg+ag? a+bx+cx?

Program code:

Int [ (d_.+e_.*x_)"m_= (‘F_. +g . *x_) "n_/(a_. +b_.xXx_+c_.*x_"2) ,X_Symbol]
-g* (exf-dxg) /(cxfr2-bsfrgrasrgr2) +Int [ (d+exx)~ (m-1) » (F+g*x)~n,x] +
1/(C*'F"2—b*f*g+a*g"2) *
Int[Simp[c*d*f—b*d*g+a*e*g+c*(e*f—d*g)*x,x]*(d+e*x)A(m—1)*(f+g*x)A(n+1)/(a+b*x+c*xA2),x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4+axc,0] & NeQ[c+d"2-bxdxe+axe"2,0] &&
Not [IntegerQ[m]] && Not[IntegerQ[n]] && GtQ[m,0] && LtQ[n,-1]

Int[(d_.+e_.#x_)"m_x (f_.+g_.*x_)*n_/(a_+c_.*x_"2),x_Symbol]
-g* (e*f—d*g)/(c*f"2+a*g"2) *Int [ (d+exx) ™ (m-1) % ('F+g*x) "n,x] +
1/(C*'F"2+a*g"2) *
Int[Simp[cxdsfrarerg+cx (exf-dxg) xx,X]* (d+rexx) A (m-1) x (F+g+x) " (n+1) / (a+c*x"2) ,x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd*2+axe~2,0] & Not[IntegerQ[m]] && Not[IntegerQ[n]] & GtQ[m,0] && LtQ[n,-1]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

d+ex)" (f+gx)"
Z.J( _(trgx) dx whenb?-4ac#0 A cd’>-bde+ae?#0 AmM¢Z An¢z

a+bx+cx?

(d+ex)" 1
1: dlxwhenb2—4ac;é0/\cdz—bde+ae2¢0/\m+;ez*

VFf+gx (a+bx+cx2)

Derivation: Algebraic expansion
- N
fee 2 dre x __ 2cd-e (b-gq) 2cd-e (b+q)
Basis: If q - \/b" -4 ac,then atbx+cx? = q (b-g+2cx) q (b+g+2cXx)

Rule1.2.1.4.7.2.1:1f b>-4ac+0@ A cd*>-bde+ae?+0 A m+ % e 7", then

(d+ex)™

1
d]x—»J
Vf+gx (a+bx+cx?) Vd+ex VFf+gx

ExpandIntegrand[ 3
a+bx+cx

Program code:

Int[(d_.+e_.+x_)*m_/(Sqrt[f_.+g_.*x_]*(a_.+b_.*x_+c_.*x_"2)),x_Symbol] :=
Int [ExpandIntegrand[1/(Sqrt[d+exx]«Sqrt[f+g+x]), (d+exx)(m+1/2) / (a+bxx+cxx2),x],x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[b"2-4+axc,0] & NeQ[c+d"2-bxdxe+axe~2,0] && IGtQ[m+1/2,0]

Int[(d_.+e_.+x_)"m_/(Sqrt[f_.+g_.*x_]*(a_.+c_.*x_"2)),x_Symbol] :=
Int [ExpandIntegrand[1/(Sqrt[d+exx]+Sqrt[f+g+x]), (d+exx) " (m+1/2)/ (a+c*x"2),x],x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[cxd"2+axe~2,0] & IGtQ[m+1/2,0]

1
(d+ex)™z

,x] dx
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

dx whenb?-4ac#0 A cd>-bde+ae?#0 AmM¢Z An¢z

d+ " (f o+ n
Z:J( ex)" (f+gx)

a+bx+cx?

Derivation: Algebraic expansion

|
. 2 1 _ 2¢ _ 2¢
Basis:If g > /b® - 4ac,then -+ = g (b-g+2cz)  q (b+gq+2cz)

Rule1.2.1.4.7.2.2:1f b>-4ac+0 A cd*>-bde+ae?+0 Ame&Z A n¢Z,then

1

,x] dx

J«(d+ex)’" (Frgx)"

; dx — J(d +rex)" (F+gx)" ExpandIntegrand[
a+bx+cx

a+bx+cx?

Program code:

Int[(d_.+e_.#x_)"m_x (f_.+g_.*x_)"n_/(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=
Int[ExpandIntegrand [ (d+exx)"m« (f+gxx)~n,1/ (a+bsx+c*x2),x],x] /;
FreeQ[{a,b,c,d,e,f,g,m,n},x| && NeQ[b*2-4xaxc,0] && NeQ[cxd"2-bxd+e+axe”2,0] & Not[IntegerQ[m]] && Not[IntegerQ[n]]

Int[(d_.+e_.#x_)"m_x (f_.+g_.*x_)"n_/(a_+c_.*x_"2),x_Symbol] :=
Int [ExpandIntegrand[ (d+exx)"mx (f+gxx)~n,1/ (a+c*x"2),x],x] /;
FreeQ[{a,c,d,e,f,g,m,n},x| & NeQ[cxd"2+axe"2,0] && Not[IntegerQ[m]] & Not[IntegerQ[n]]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

8: |x*(d+ex)" (a+bx+cx*)Pdx when be (m+p+2) +2cd (p+1) =@ Abd (p+1) +ae (m+1) =@ Am+2p+3#0

Derivation: Special case of one step of the Ostrogradskiy-Hermite integration method

Rule1.2.1.48:f be (m+p+2) +2cd (p+1) =0 Abd (p+1) +ae(m+1) =0 Am+2p+3+0,then

(d + e x)™? (a+bx+cx2)p+1

fxz (d+ex)" (a+bx+cx?)?dx —
ce(m+2p+3)

Program code:

Int[x_"2%(d_.+e_.*x_)"m_.*(a_.+b_.*x_+c_.*x_"2)"p_.,x_Symbol] :=
(d+e*xx) * (m+1) * (a+bxx+c*x*2) ~ (p+1) / (cxex (m+2xp+3)) /;
FreeQ[{a,b,c,d,e,m,p},x] & & EqQ[bxex (m+p+2) +2xCcxd* (p+1) ,0] & EqQ[bxdx (p+1) +axex (m+1) ,0] && NeQ[m+2xp+3,0]

Int[x_"2%(d_.+e_.*X_)"m_.*(a_.+C_.*x_"2)~p_.,x_Symbol] :=
(d+exx) ™ (m+1) * (a+CxX"2) ~ (p+1) / (cxex (M+2%p+3)) /;
FreeQ[{a,c,d,e,m,p},x] & & EqQ[dx (p+1),0] && EqQ[ax (m+1l) ,0] && NeQ[m+2xp+3,0]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

9: j(gx)" (d+ex)" (a+bx+cx?)’dx whenb®-4ac#0 A cd’-bde+ae’#8 Am-p=0 Abd+ae=0 Acd+be=0

Derivation: Piecewise constant extraction

d+ex)P (a+b x+c x?) P

Basis:lfbd+ae::@/\cd+be::0,thenc’3x< 5 == 0

(a d+c ex3)

Rule1.2.1.49:f m-p==0 Abd+ae=0 A cd+be=20,then

(d +ex) FracPart[p] (a +bx+c xz)FracPart[p]
(gx)" (d+ex)" (a+bx+cx?)Pdx — (gx)" (ad+cex?)?dx
(a d+c e)(3)Fr'acPar‘t[p]

Program code:

Int[(g_.*x_)"n_»(d_.+e_.*x_)"m_x(a_+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
(d+exx) "FracPart[p] * (a+b*x+c*x"2) *FracPart[p]/ (axd+cxexx”*3) *FracPart [p] *Int[ (g*X) *n* (axd+cxexx"3)*p,x] /;
FreeQ[{a,b,c,d,e,g,m,n,p},x] && EqQ[m-p,0] && EqQ[bxd+axe,®] &% EqQ[cxd+bxe,0]

10. j(d+ex)'“(f+gx)" (a+bx+cx2)pdlx whenef-dg#0 Ab?>-4ac#0 A cd’-bde+ae?2#0 A 2meZ A n2==i— A p2==i

1. J‘(d+ex)'"(-F+gx)"\/a+bx+cxZ dx whenef-dg#@ Ab?2-4ac#0 A cd’-bde+ae’?#0 A 2meZ A n2==4l

1. J(d+ex)’"\/f+gx \/a+bx+cx2 dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?#0 A 2mez

1: J(d+ex)“‘\/f+gx \/a+bx+cx2 dx whenef-dg#0@ Ab?’-4ac#0 A cd’-bde+ae?#0 A 2meZ Am<-1

Derivation: Integration by parts

BaSiS:@X A/.F_i_gx \/a+bx+cx2 __ bf+rag+2 (cf+bg) x+3 c g x?
2~/ f+gx Va+b x+cx?

Rule 1.2.1.4.10.1.1.1:If ef-dg+ 0@ A b’-4ac+0 Acd’-bde+ae?+0 A2meZ A m< -1,then



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

J(d+ex)""\/f+gx \/a+bx+cx2 dx —

dx

(d+ex)™ VFfigx Va+bx+cx? 1 J(d+ex)’"+1(bf+ag+2(cf+bg)x+3ch2)

e(m+1) 2e (m+1) VErgx Va+rbx+cx?

Program code:

Int[(d_.+e_.#x_ ) m_.*Sqrt[f_.+g_.+x_|*Sqrta_.+b_.#x_+c_.*x_"2],x_Symbol]| :=

(d+exx) ~ (m+1) *Sqrt ['F+g*x] *Sgrt[a+bxx+cxx"2]/ (ex (m+1)) -

1/ (2xex (m+1) ) »Int[ (d+exx) (m+1)/(Sqrt [frg#x] #Sqrt[a+bsx+cxx2]) «Simp [bxf+axg+2x (Cxf+bxg) xx+3xcxgsx2,x],x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bxd+e+axe~2,0] & IntegerQ[2xm] && LtQ[m,-1]

Int[(d_.+e_.#x_)" m_.«Sqrt[f_.+g_.*x_]*Sqrt[a_+c_.*x_"2],x_Symbol] :=

(d+exx) ~ (m+1) *Sqrt [f+g*x] *Sqrt[a+cxx”2]/ (ex (m+l)) -

1/ (2%ex (m+1) ) »Int [ (d+exx)~ (m+1) /(Sqrt[f+gsx]+Sqrt[a+c+x”2]) +Simp [arg+2+cxfrx+3xcxg*x2,x],x]| /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd*2+axe~2,0] & IntegerQ[2+m] & LtQ[m,-1]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p 36

2: J(d+ex)’"\/f+gx \/a+bx+cx2 dx whenef-dg#@ Ab>-4ac#0 A cd’-bde+ae?2#0 A 2meZ A m¢-1

Rule1.2.1.4.10.1.1.2:Iff ef-dg+ 0@ A b>-4ac+0 A cd’-bde+ae?+0 A2meZ A m¢ -1,then

J(d+ex)’"\/f+gx ‘\/a+bx+cx2 dx —

2@d+ex)™Vfigx Vasrbx+cx?
e (2m+5)

J(((d+ex)"‘(bdf—3aef+adg+2(cdf—bef+bdg—aeg)x— (cef-3cdg+beg) xz))/[\/f+gx \/a+bx+cx2]]d1x

1
e (2m+5)

Program code:

Int[(d_.+e_.#x_)"m_.+Sqrt[f_.+g_.*x_]*Sqrt[a_.+b_.xx_+c_.*x_"2],x_Symbol] :=
2% (d+exx) ~ (m+1) xSqrt ['F+g*x] *Sqrt[a+bxx+c*x"2]/ (ex (2xm+5)) -
1/ (e (2+m+5) ) »Int [ (d+exx) *m/ (Sqrt[f+g+x] «Sqrt [a+bsx+cxx 2] )+
Simp[b*d*f—S*a*e*f+a*d*g+2*(c*d*f—b*e*f+b*d*g—a*e*g)*x—(c*e*f—3*c*d*g+b*e*g)*xAz,x],x] /5
FreeQ[{a,b,c,d,e,f,g,m},x] & NeQ[exf-dxg,0] & NeQ[b*2-4xaxc,0] & NeQ[cxd"2-bxdxe+axe*2,0] & IntegerQ[2+m] & Not[LtQ[m,-1]]

Int[(d_.+e_.#x_) m_.*Sqrt[f_.+g_.+x_]*Sqrt[a_+c_.*x_"2],x_Symbol] :=
2% (d+exx) ~ (m+1) xSqrt ['F+g*x] *Sqrt[a+cxx"2]/ (ex (2*m+5)) +
1/ (ex (2xm+5) ) »Int[ (d+exx) "m/(Sqr‘t [frg*x]*Sqrt[a+cx"2])
Simp[3xaxexf-axdxg-2+« (Cxdxf-axexg) xx+ (cxexf-3xcxdxg) #x*2,x],x] /;
FreeQ[{a,c,d,e,f,g,m},x] & NeQ[exf-dxg,0] && NeQ[cxd"2+axe~2,0] & IntegerQ[2+m] & Not[LtQ[m,-1]]

dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?#0 A 2mez

) J~(d+ex)’"m
1: J~(d+ex)’"m

dx whenef-dg#@ A b>-4ac#0 A cd’-bde+ae?#0 A 2meZ Am>0

Rule1.2.1.4.10.1.2.1:1f ef-dg+0@ A b’>-4ac+0 A cd’-bde+ae?+0@ A 2meZ A m> 0,then



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

J~(d+ex)'"\/a+bx+cx2 4

X —
Viex
2 d+ex)"Vf+gx Vasrbx+cx? 1 J (d +ex)m™?
g (2m+3) g (2m+3) '\/'F+gx Va+bx+cx?

(bdf+2a(efm-dg(m+1)) + (2cdf-2aeg+b (ef-dg) (2m+1)) x- (beg+2c (dgm-ef (m+1))) x?) dx

Program code:

Int[(d_.+e_.x_)"m_.«Sqrt[a_.+b_.*x_+c_.+x_"2]/Sqrt[f_.+g_.+x_],x_Symbol]
2x (d+exx) "mxSqrt [f+gxx] *Sqrt [a+bxx+Cxx"2] / (g (2#m+3)) -
1/ (g* (2xm+3)) *Int[ (d+exx) ™ (m-1)/(Sqrt ['F+g*x] *Sqrt[a+bxx+c*x”2] ) *
Simp [b*d*f+2*a* (e*f*m-d*g* (m+1) ) + (2*C*d*f—2*a*e*g+b* (E*'F—d*g) * (2%m+1) ) *X— (b*e*g+2*c~k (d*g*m-e*f* (m+1) ) ) *X"Z,X] ,X] /5
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bxdxe+axe~2,0] & IntegerQ[2+m] && GtQ[m,O]

Int[(d_.+e_.#x_)"m_.+Sqrt[a_+c_.*x_"2]/Sqrt[f_.+g_.+x_],x_Symbol]
2x (d+exXx) “mxSqrt ['F+g*x] *Sqrt[a+cxx*2]/ (g% (2xm+3)) -
1/ (g* (2#m+3) ) »Int [ (d+exx) ~ (m-1) /(Sqrt[f+g+x] +Sqrt[a+c*x"2])
Simp [2*3* (E*f*m—d*g* (m+1) ) + (Z*C*d*f—Z*a*E*g) *X- (Z*C* (d*g*m-e*f* (m+1) ) ) *X"Z,X] ,X] /5
FreeQ[{a,c,d,e,f,g},x] 8& NeQ[exf-dxg,0]| && NeQ[cxd*2+axe~2,0] & IntegerQ[2+m] & GtQ[m,O]

) J~(d+ex)’"\/a+bx+cx2
Vf+gx

dx whenef-dg#@ A b>-4ac#0 A cd’-bde+ae?#0 A 2meZ A m<0

Vasbx+cx®
1: J. dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?#0

(d+ex) VFf+gx

Derivation: Algebraic expansion

BaS|S A\ a+b x+c x2 cd’*-bde+ae? _ _cd-be-cex
drex e? (d+e x) \ a+b x+c x? e?\/ a+b x+c x?

Rule1.2.1.4.10.1.2.2.1:If ef-dg+0© A b>-4ac+0 A cd*>-bde+ae?+0,then




Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

Va+bx+cx? cd’-bde+ae? 1 1 cd-be-cex
j dx — ; j d]x——zj dx
(d+ex) VFf+gx € (d+ex) Vi+gx Va+rbx+cx? € Vrgx Vasrbx+cx?

Program code:

Int[Sqrt[a_.+b_.*x_+c_.#x_"2]/((d_.+e_.*x_)+Sqrt[f_.+g_.*x_]),x_Symbol] :=
(cxd*2-bxdxe+axe”2) /e~2xInt[1/( (d+exx) xSqrt[f+g+x] +Sqrt[a+bsx+cxx"2]),x] -
1/e72+Int[ (cxd-bxe-cxexx) / (Sqrt[f+g+x]+Sqrt [a+bsx+cxx 2]),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[c+d"2-bxdxe+axe"2,0]

Int[Sqrt[a_+c_.#«x_"2]/((d_.+e_.*x_)*Sqrt[f_.+g_.+x_]),x_Symbol] :=
(cxd*2+axen2) /er2+Int[1/( (d+exx) xSqrt[f+g+x]+Sqrt[a+csx 2]),x] -
1/e"2+Int[ (cxd-cxexx) / (Sqrt[f+gsx]«Sqrt[a+cxx 2]),x] /;

FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] & NeQ[cxd"2+axe"2,0]

dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?#0 A 2mezZ A m< -1

9. J-(d+ex)'“\/a+bx+cx2
Vf+gx

Rule1.2.1.4.10.1.2.2.2:If ef-dg+0@ A b?-4ac+0 A cd>-bde+ae?+0 A2meZ A m< -1,then
J~(d+ex)'“‘\/a+bx+cx2 4

X —
VFf+gx
(d+rex)™ Vfigx Va+bx+cx? 1 J(d+ex)m+1(bf+ag(2m+3)+2(c-F+bg(m+2))x+cg(2m+5)x2)dl
- X
(m+1) (ef-dg) 2(m+1) (ef-dg) Virgx Va+bx+cx?

Program code:

Int[(d_.+e_.x_)"m_.«Sqrt[a_.+b_.*x_+c_.+x_"2]/Sqrt[f_.+g_.+x_],x_Symbol] :=
(d+exx) ~ (m+1) xSqrt [f+g»x] »Sqrt [a+bsx+cxx?2]/((m+1) x (exf-dxg)) -
1/(2* (m+1) » (e*f-d*g) ) *Int [ (d+exx) (m+1)/(Sqr‘t [f+g*x] *Sqrt [a+bxx+cxx"2] ) *
Simp[b*f+a*g*(2*m+3)+2*(c*f+b*g*(m+2))*x+C*g*(2*m+5)*xA2,x],x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bxdxe+axe~2,0] && IntegerQ[2sm] && LtQ[m,-1]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

Int[(d_.+e_.*x_)"m_.+Sqrt[a_+c_.+x_"2]/Sqrt[f_.+g_.+x_],x_Symbol] :=
(d+exx) ~ (m+1) x*Sqrt [f+g*x] *Sqrt [a+c*x"2]/( (m+1) » (e*f—d*g) ) -
1/ (2% (m+1) * (exf-dxg) ) +Int[ (d+exx) (m+1) / (Sqrt[f+g+x]*Sqrt[a+cxx 2] )+
Simp [a*g* (2%xm+3) +2% (C*'F) *X+C*x8* (24m+5) *X"Z,X] ,X] /5
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-d+g,0] & NeQ[cxd"2+axe"2,0] & IntegerQ[2+m] && LtQ[m,-1]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

dx whenef-dg#0 Ab>-4ac#0 A cd’-bde+ae?#0 A 2mezZ A n2==i

5 J«(d+ex)'" (F+rgx)"
Va+bx+cx?

(d+ex)"
1. J dx whenef-dg#0@ Ab?>-4ac#0 A cd’-bde+ae?#0 A 2meZ
Vfrgx Va+bx+cx?

(d+ex)"
1. J dx whenef-dg#0@ Ab>-4ac#0 A cd>-bde+ae?#0 A 2meZ Am>0
Virgx Ya+bx+cx?

d+ex
1: j dx whenef-dg#0 Ab?>-4ac#0 A cd’-bde+ae?#0
'\/f+gx Va+bx+cx?

Derivation: Piecewise constant extraction and integration by substitution

Rule1.2.1.4.10.2.1.1.1:If ef-dg+0@ A b?-4ac+0 A cd>-bde+ae?+0,letq—>+/b>-4ac,then
J Vd+ex

Vf+rgx Va+bx+cx?

dx —

f-d b 2 f-d 2 b
VT \2cf-g b VBarIex @rex) | 98l (®rar2en | (ef-dg) 2a:bra)x) /

(2cf-g(b+q)) (d+ex) \ (bf+qf-2ag) (d+ex)

gV2cd-e (b+q) x Ya+bx+cx?

. _.re(2cf-g(b+q)) (V2cd-e(b+q) VF+gx (bd+qd-2ae) (2cf-g(b+q))
E111pt1cP1[ , ArcSin ]

g(2cd-e (b+q)) V2cf-g(b+q) Vdrex ’ (bf+qf-2ag) (2cd-e (b+q))

Program code:



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

Int[Sqrt[d_.+e_.+x_]/(Sqrt[f_.+g_.*x_]*Sqrt[a_.+b_.+x_+c_.*x_"2]),x_Symbol] :=
With[{q=Rt[b*2-4+axc,2]},
SArt[2] #Sqrt[2xcxf-gx (b+q) | #Sqrt[b-g+2#cxx] * (d+exx)
Sqrt[(e*f—d*g)*(b+q+2*c*x)/((2*c*f—g*(b+q))*(d+e*x))]*
Sqrt[ (e*f—d*g) * (2xa+ (b+q) *X)/( (b*'F+q*'F—2*a*g) * (d+exXx) ) ]/
(g*Sqrt[2xcxd-ex (b+q) ] *Sqrt[2xaxc/ (b+q) +cxx] *Sqrt[a+bxXx+CcxXx"2]) *
E1lipticPi[ex (2xcxf-gx (b+q) )/ (g* (2xcxd-ex (b+q))),
ArcSin[Sqrt[2xcxd-ex (b+q) ] +Sqrt [f+gsx]/(Sqrt[2scxf-gx (b+q) | +Sqrt[d+exx]) ],
(bxd+gqxd-2xaxe) (Z*C*f—g* (b+q) )/( (b*f+q*f—2*a*g) * (2xcxd-ex (b+q)) ) ] ] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[c+d"2-bxdxe+axe"2,0]

Int[Sqrt[d_.+e_.+x_]/(Sqrt[f_.+g_.*x_]*Sqrt[a_+c_.*x_"2]),x_Symbol] :=
With[{q=Rt[-4xaxc,2]},
SArt[2] #Sqrt[2xcxf-g+q] +Sqrt[-q+2xcxx] * (d+exx) *
Sgrt [ (e*‘F—d*g) * (q+2*c*x)/( (Z*C*'F—g*q) * (d+exX) ) ] *
Sqrt[ (exf-dxg) « (2+xa+qsx) /( (qsf-2+axg) * (d+exx)) ]/
(g*Sqrt[2xcxd-exq] *Sqrt[2+axc/q+CcxX] *Sqrt[a+c*x"2]) *
EllipticPi[ex (2xcxf-gxq) /(g (2xcxd-exq)),
ArcSin[Sqrt[2xcxd-exq] »Sqrt[f+g«x]/(Sart[2«cxf-g«q] xSqrt[d+exx]) ],
(gxd-2xaxe) * (Z*C*f—g*q)/( (q*f—Z*a*g) * (2xCcxd-exq) ) ] ] /3
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd"2+axe”2,0]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

(d+ex)3/?
Z:J dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?#0
VFf+gx Va+bx+cx?

Derivation: Algebraic expansion

Basis: (d+ex)®2 __ e/diex \/figx _ (ef-dg) Vdrex

Trex 2 e Frex
Rule1.2.1.4.10.2.1.1.2:If ef-dg+@ A b’-4ac+0 A cd*>-bde+ae? +0,then
(d + e x)3/2 e rVd+ex VFf+gx (ef-dg) Vd+ex
J dx — -— dx - J dx
VE+rgx Va+bx+cx? 8 Va+bx+cx? g Vf+gx Va+bx+cx?
Program code:
Int[(d_.+e_.#x_)"(3/2)/(Sqrt[f_.+g_.*x_]*Sqrt[a_.+b_.+x_+c_.*x_"2]),x_Symbol] :=
e/gxInt[Sqrt[d+exx] +Sqrt[f+g+x]/Sqrt [a+bsx+cx"2],x] -
(e*f—d*g)/g*Int [sart[d+exx]/(Sqrt[f+g+x]+Sqrt[a+bsx+cxx"2]),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[c+d"2-bxdxe+axe"2,0]
Int[(d_.+e_.+x_)"(3/2)/(Sqrt[f_.+g_.*x_]*Sqrt[a_+c_.*x_"2]),x_Symbol] :=
e/g+Int[Sqrt[d+exx] *Sqrt[f+g*x]/Sqrt[a+c*x"2] x| -
(exf-dxg) /g+Int[Sqrt[d+exx]/(Sqrt[f+g+x]*Sqrt[a+cxx*2]),x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd"2+axe"2,0]
(d+ex)"
3: J dx whenef-dg#0 A b -4ac#0 A cd’-bde+ae?#0 A 2meZ Am=2
Vi+gx Ya+bx+cx?
Rule1.2.1.4.10.2.1.1.3:If ef-dg+ 0@ A b2-4ac+0 A cd’>-bde+ae?+0 A2mezZ A m= 2, then

(d+ex)"
J dx —
Vf+gx Va+bx+cx?

42



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p 43

2e2 (d+ex)™2Vf+gx Va+bx+cx?
cg(2m-1)

1 J- (d+ex)m-3
cg(2m-1) J\figx Va+bx+cx?
(bde*f+ae? (dg+2ef (m-2)) -cd®g(2m-1) +e (e (2bdg+e (bf+ag) (2m-3)) +cd (2ef-3dg (2m-1))) x+2e? (cef-3cdg+beg) (m-1) x?) dx

Program code:

Int[(d_.+e_.#x_)"m_/(Sqrt[f_.+g_.+«x_]+Sqrt[a_.+b_.#x_+c_.*x_"2]),x_Symbol] :=
2xe”2x (d+exx) ~ (m-2) xSqrt ['F+g*x] *Sqrt[a+bxx+c*x"2]/ (cxg* (2xm-1)) -
1/ (cxgx (2+m-1) ) »Int [ (d+exx)~ (m-3) /(Sqrt[f+g+x] +Sqrt [a+bsx+c x"2])*
Simp[b*d*eAz*f+a*eA2*(d*g+2*e*f*(m—2))—c*dAS*g*(z*m—l)+
ex (e* (2*b*d*g+e* (b*f+a*g) * (2xm-3) ) +Cxdx (2*e*f—3*d*g* (2xm-1) ) ) *X+
2*eA2*(c*e*f-B*c*d*g+b*e*g)*(m-1)*xA2,x],x] /5
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bsdxe+axe~2,0] && IntegerQ[2sm] && GeQ[m,2]

Int[(d_.+e_.+x_)m_/(Sqrt[f_.+g_.*x_]+Sqrt[a_+c_.*x_"2]),x_Symbol] :=
2xe2x (d+exX) A (M-2) xSqrt [f+gxx]| xSqrt[a+Ccxx"2] / (Cxgx (2+m-1)) -
1/ (cxgx (2#m-1) ) »Int [ (d+exx) ~ (m-3) /(Sqrt[f+g*x] +Sqrt[a+c+x"2])*
Simp [a*e"z* (d*g+2*e*f* (m-2) ) -C#d"3xgx (24m-1) +e* (e* (axexgx (24m-3) ) +Cxd* (2*e*f—3*d*g* (2xm-1) ) ) *X+2%x€" 2% (C*e*f—3*C*d*g) * (m-1) *X"Z,X] ,X] /5
FreeQ[{a,c,d,e,f,g},x]| && NeQ[exf-d«g,0] & NeQ[cxd"2+axe"2,0] & IntegerQ[2+m] && GeQ[m,2]

(d+ex)"
2, J dx whenef-dg#@ A b>-4ac#0 A cd>-bde+ae?#0 A 2meZ A m<0
Vf+gx Va+bx+cx?

1
1.j
(d+rex) VFf+gx Va+bx+cx?

dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?#0

1
1.J dx whenef-dg#0 A cd’+ae?#0
(d+ex) VF+gx Va+cx?

1
1:J dx whenef-dg#0 A cd’+ae?#0 A a>0
(d+ex) VF+gx Va+cx?

Derivation: Algebraic expansion

Basis: If a > @,letq > /- < ,then~/a+ ¢ x? —=+a J1-gqx V1+qgx




Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

Rule 1.2.1.4.10.2.1.2.1.1.1:If ef-dg+ 0@ A cd’+ae?+0 A a>0,letg— ./-<,then
a
1 1 1
j dx — —— dx
(d+ex) VF+gx Va+cx? Va J (d+rex) Vf+gx Yi-qx V1i+gx

Program code:

Int[1/((d_.+e_.*x_)*Sqrt[f_.+g_.*x_]*Sqrt[a_+c_.*x_"2]),x_Symbol] :=
With[{q=Rt[-c/a,2]},
1/sqrt[al+Int[1/( (d+exx) +Sqrt[f+g+x]+Sqrt[1-q+x]+Sqrt[1+q+x]),x]] /;
FreeQ[{a,c,d,e,f,g},x] 8& NeQ[exf-dxg,0]| && NeQ[cxd*2+axe~2,0] & GtQ[a,O]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

1
Z:J-
(d+rex) Vf+gx Va+cx?

dx whenef-dg#0 A cd’+ae?#0 A a0

Derivation: Piecewise constant extraction

cx?
L exz

Basis: & ==
x \a+c x?

g

1+ —
1 a 1
J dx — J dx
(d+ex) VF+gx Va+cx? Va+cx? (drex) VF+gx Vi-qx V1i+qx

Program code:

Int[1/((d_.+e_.*x_)*Sqrt[f_.+g_.*x_]*Sqrt[a_+c_.*x_"2]),x_Symbol] :=

With[{q=Rt[-c/a,2]},

Sqrt[1+cxx*2/a]/Sqrt[a+c+x"2] »Int[1/( (d+exx) *Sqrt[f+g+x]+Sqrt[1-q+x]*Sqrt[1+q+x]),x]] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd*2+axe~2,0] && Not[GtQ[a,O]]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

1
Z:J
(dvrex) Vf+gx Va+bx+cx?

dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?#0

Derivation: Piecewise constant extraction

Basis: Let A/b%?-4ac, thend Vb-gr2cx \/bigi2cx __ g
! - ’ x \/a+b x+c x?

|
Rule 1.2.1.4.10.2.1.2.1.2:If ef-dg+0@ A b2-4ac+0 A cd’>’-bde+ae?+0,letqg-+/b?>-4ac,then
J- 1 dx s \/b—q+2cx '\/b+q+2CXJ‘ 1 dx
(d+ex) Vi+gx Vas+bx+cx? Va+bx+cx? (dvex) Vf+gx Vb-q+2cx Vb+q+2cx

Program code:

Int[1/((d_.+e_.*x_)*Sqrt[f_.+g_.*x_]*Sqrt[a_.+b_.*x_+c_.+x_"2]),x_Symbol] :=

With[{q=Rt[b*2-4xaxc,2]},

Sqrt [b-q+2xcxx] +Sqrt [b+q+2xc+x]/Sqrt [a+bxx+cxx 2] xInt[1/( (d+exx) xSqrt[f+g+x] +Sqrt [b-q+2xc*x] +Sqrt [b+q+2xcxx]),x]] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bxdxe+axe~2,0]

1

2:.[
Vd+ex VFf+gx Va+bx+cx?

dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?#0

Derivation: Piecewise constant extraction and integration by substitution

(d+e X) \/ (ef-dg)? (arbx+cx?)
(

cf’-bfg+ag?) (dex)?

Basis: Oy =0
\/ a+b x+c x2
Basis: : S efzdg Subst[ 1 , X, 3\/@
3/2 ./ (ef-dg)? (arbx+cx?) - (2cdf-bef-bdg+2aeg) x> (cd>-bde+ae?) x* +éX
drex frex J (cf-bfgrag?) (drex)? \/1 cf-bfgrag T cPbfgag

Rule1.2.1.4.10.2.1.2.2:If ef-dg+0@ A b’-4ac+0 A cd’>-bde+ae?+0,then



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

(d+ex) \/ ((ef—dg)2 (a+b x+c x?)

1 cf?-bfg+ag?) (d+ex)? 1
dx —
2 2
Vd+ex \/f+gx Ya+bx+cx Va+bx+cx (d+ex)3/2W (ef-dg)? (asbxscx?)
(c f2-bfgrag?) (d+ex)?
f-dg)? (a+b x+c x?)
2 (d+ex te
( )\/( Fbfgrag)) (dren)? 1 NPT
— - Subst[ dx, X, —]
(ef-dg) Va+bx+cx?  (2cdfbefbdgizacg k. (cd-bdesae?) x* Vd+ex
cf?-bfg+ag? cf?-bfg+ag?

Program code:

Int[1/(Sqrt[d_.+e_.*x_]+Sqrt[f_.+g_.*x_]*Sqrt[a_.+b_.+x_+c_.+x_"2]),x_Symbol]
-2x (d+exXx) *Sqrt [ (e*f—d*g) A2% (a+b*x+c*x"2)/( (c*f"Z—b*‘F*g+a*g"2) * (d+exX) "2) ]/( (e*'F—d*g) *Sqrt[a+bxx+cxx"2] ) *
Subst [
Int [1/Sqr't [1— (2*c*d*'F—b*e*f—b*d*g+2*a*e*g) *X"Z/(C*'F"Z—b*f*g+a*g"2) + (cxd*2-bxdxe+axe”2) *X"4/(C*'F"2—b*f*g+a*g"2) ] ,X] 9
X,
sqrt[f+g«x]/Sqrt[d+exx]] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[c+d"2-bxdse+axe"2,0]

Int[1/(Sqrt[d_.+e_.+x_]+Sqrt[f_.+g_.+x_]+Sqrt[a_+c_.+x_"2]),x_Symbol]
-2 (d+exXx) *Sqrt [ (e*f—d*g) N2% (a+c*x"2)/( (C*'F"2+a*g"2) * (d+exXx) "2) ]/( (e*f—d*g) *Sqrt[a+cxx” 2] ) *
Subst [
Int[1/5qrt[1- (2xcxdsf+2+asesg) xx 2/ (c+Ff 2+axgh2) + (cxd 2+axen2) xx 4/ (cxf 2+axg 2) |,x],x,Sqrt[f+g+x] /Sqrt[d+exx]] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd"2+axe”2,0]

1
3:J
(d+ex)32Vf+gx Va+bx+cx?

dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?#0

Derivation: Algebraic expansion

Basis: 1 - g e \/Frgx

- +
(d+e x)3/2+/f+g x (ef-dg) Vd+ex +/f+gx (ef-dg) (d+ex)??

Rule 1.2.1.4.10.2.1.2.3: If whenef-dg#@ A b’ -4ac#0 A cd’-bde+ae?z0, then




Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

1
J dx —
(d+ex)32Vfrgx Va+bx+cx?

g 1 e VF+gx
- f dx + J dx
ef-dg Vd+ex ’\/'F+gx YVa+bx+cx? ef-dg (d+ex)¥2Va+bx+cx?

Program code:

Int[1/((d_.+e_.*x_)"(3/2)#Sqrt[f_.+g_.*x_]*Sqrt[a_.+b_.*x_+c_.*x_"2]),x_Symbol] :=
-g/(e*f—d*g) *Int [1/(Sqr‘t [d+exXx] *Sqrt ['F+g*x] *Sqrt[a+bxXx+cxx"2] ) ,x] +
e/ (exf-dxg) +Int[Sqrt[f+gsx]/((d+exx)”(3/2) +Sqrt[a+bsx+cx"2]),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,@] & NeQ[cxd"2-bxdxe+axe"2,0]

Int[1/((d_.+e_.*x_)"(3/2) #Sqrt[f_.+g_.*x_]*Sqrt[a_+c_.+x_"2]),x_Symbol] :=
-g/ (exf-dxg) »Int[1/(Sqrt[d+exx] xSqrt[f+g«x] +Sqrt[a+cxx 2]),x] +
e/ (exf-dxg) +Int[Sqrt[f+gsx]/((d+exx)”(3/2) +Sqrt[a+c*x 2]),x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd"2+axe”2,0]
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(d+ex)"
4: f dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?#0 A 2meZ A ms -2
VFf+gx Va+bx+cx?

Rule 1.2.1.4.10.2.12.4:1f ef-dg+ 0@ A b?-4ac+0 A cd’-bde+ae?+0 A2meZ A m=< -2, then

(d+ex)™
J~ dx —
Virgx Yarbx+cx®

e2(d+ex)™ VFfigx Va+bx+cx?
(m+1) (ef-dg) (cd*-bde+ae?)

1 J~ (d + e x)™?
2(m+1) (ef-dg) (cd*>-bde+ae?) Vf+rgx Varbxscx
(2d (cef-cdg+beg) (m+1) -e® (bf+ag) (2m+3) +2e (cdg(m+1) -e (cf+bg) (m+2)) x-ce’g (2m+5) x*) dx

Program code:

Int[(d_.+e_.+x_)*m_/(Sqrt[f_.+g_.+x_]+Sqrt[a_.+b_.xx_+c_.+x_"2]),x_Symbol] :=
e"2x (d+exx) ™ (m+1) xSqrt ['F+g*x] *Sqrt [a+b*x+c*x"2]/( (m+1) % (e*f—d*g) * (Cxd*2-bxdxe+axe”2) ) +
1/ (2% (m+1) * (exf-dxg) » (cxd"2-bxdxe+axer2) ) xInt[ (d+exx)~ (m+1) /(Sqrt[f+gsx] +Sqrt[a+bsx+cxx 2] ) »
Simp[z*d*(c*e*f—c*d*g+b*e*g)*(m+1)-eAZ*(b*f+a*g)*(2*m+3)+2*e*(c*d*g*(m+1)—e*(c*f+b*g)*(m+2))*x—c*eAz*g*(2*m+5)*xA2,x],x] /5
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bxd+e+axe"2,0] & IntegerQ[2xm] && LeQ[m,-2]

Int[(d_.+e_.+x_)"m_/(Sqrt[f_.+g_.*x_]*Sqrt[a_+c_.xx_"2]),x_Symbol] :=
e"2x (d+exx) ™ (m+1) xSqrt ['F+g*x] *Sqrt [a+c*x"2]/( (m+1) » (e*f—d*g) * (cxd*2+axe”2) ) +
1/ (2% (m+1) » (exf-dxg) » (cxd*2+axe”2) ) xInt [ (d+exx) A (m+1) /(Sqrt[f+g+x] +Sqrt[a+c*x"2])
Simp [Z*d* (C*e*f—c*d*g) * (M+1) —a%xe”2xgx (2xm+3) +2xe* (C*d*g* (m+1) —cxexfx (m+2) ) *#X-C*€"2%g* (2xm+5) *X"Z,X] ,X] /3
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd*2+axe~2,0] & IntegerQ[2+m] & LeQ[m,-2]

dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?#0 A 2mez

2 J(d+ex)me+gx
Va+bx+cx?

1 J-(d+ex)’"\/f+gx
Va+bx+cx?

dx whenef-dg#0@ A b>-4ac#0 A cd’-bde+ae?#0 A 2meZ Am>0
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Vd+ex VFf+gx
X:
Va+bx+cx?

dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?+0

Derivation: Algebraic expansion

Rule1.2.1.4.10.2.2.1x:If ef-dg+0© A b>-4ac+0 A cd’>-bde+ae? #0,then
Vd+ex VFf+gx dx
Varbx+cx?
Va+bx Vc+dx Vg+hx (de-cf) (b-Fg+beh—Za-Fh)J~ 1 i
hVe+fx 2f*h YVa+bx Ve+rdx Ves+fx Vg+hx
(adfh-b (dfg+deh-cfh)) Ve+fx g (de-cH) (fg-eh)J‘ Va+bx 5
2f%h J"\/a+bx Ve+dx Vg+hx 2fh Vec+dx (e+fx)3/2‘\/g+hx

Program code:

(» Int[Sqrt[d_.+e_.*x_]+Sqrt[f_.+g_.+x_]/Sqrt[a_.+b_.*x_+c_.*x_"2],x_Symbol] :=
0 /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[c+d"2-bxdxe+axe"2,0] x)
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dx whenef-dg#0 Ab?>-4ac#0 A cd>-bde+ae?#0 A2meZ Am>1

9 j(d+ex)me+gx
Va+bx+cx?

Rule1.2.1.4.10.2.2.1.2:If ef-dg+0@ A b>-4ac+0 A cd’>-bde+ae?+0 A2meZ A m>1, then

(d+ex)"VFf+gx
J~ dx —
Va+bx+cx?
2e(d+ex)™VFf+gx Va+bx+cx? 1 J (d + e x) "2
c(2m+1) c@m+1) J\figx Va+bx+cx?

(e (bdf+a(dg+2ef(m-1))) -cd’f (2m+1) + (ae’g(2m-1) -cd (4efm+dg (2m+1)) +be (2dg+ef (2m-1))) x+e (2begm-c (ef+dg (4m-1))) x*) dx

Program code:

Int[(d_.+e_.#x_) m_sSqrt[f_.+g_.+x_]/Sqrt[a_.+b_.*x_+c_.*x_"2],x_Symbol] :=
2xex (d+exx)~ (m-1) #Sqrt [f+g+x] *Sqrt [a+bsx+CcXx 2]/ (c* (2xm+1)) -
1/ (c* (2xm+1)) *Int[ (d+exx) (m-2)/(Sqr‘t ['F+g*x] *Sqrt[a+bxx+c*x”2] ) *
Simp[e*(b*d*f+a*(d*g+2*e*f*(m—1)))—c*dAZ*f*(z*m+1)+
(a*e"z*g* (2xm-1) -cxd=* (4*e*f*m+d*g* (2xm+1) ) +bxex (2*d*g+e*'F* (2xm-1) ) ) *X+
ex (Z*b*e*g*m—c* (e*f+d*g* (4xm-1) ) ) *x"Z,X] ,x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-d+g,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bxdxe+axe”2,0] & IntegerQ[2+m] && GtQ[m,1]

Int[(d_.+e_.#x_) m_«Sqrt[f_.+g_.+x_]/Sqrt[a_+c_.+x_"2],x_Symbol] :=
2xex (d+rexx)  (m-1) xSqrt [f+g+x] +Sqrt [a+cxx2]/ (c* (2+m+1)) -
1/ (cx (2xm+1) ) »Int[ (d+exx) " (m—2)/(Sqrt [f+g#x]#Sqrt[a+cxx"2])
Simp [a*e* (d*g+2*e*f* (m-1) ) —Cxd 2% f* (2xm+1) + (a*e"z*g* (2%m-1) -cxd* (4*e*f*m+d*g* (2%m+1) ) ) *#X-C*€% (e*f+d*g* (4+*m-1) ) *x"Z,X] ,x] /3
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd"2+axe~2,0] & IntegerQ[2+m] & GtQ[m,1]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

2 J~(d+ex)’"m
‘T VFrex
" J drex) Varbxecx®

dx whenef-dg#0@ Ab>-4ac#0 A cd’-bde+ae?#0 A 2meZ A m<0

dx whenef-dg#@ A b2 -4ac+0 A cd’-bde+ae?#0

Derivation: Algebraic expansion

Basis: Lft8x . g ef de

diex | efigx | e (diex) VEgx
Rule 1.2.1.4.10.2.2.2.1:If ef-dg+ 0@ A b2-4ac+0 A cd’-bde +ae?+0,then

VF+gx g 1 (ef-dg) 1
j d]x—»—J‘ dx + j dx
(d+ex) Va+bx+cx? €Jfrgx Va+bx+cx? € (d+ex) Vi+gx Va+bx+cx?

Program code:

Int[Sqrt[f_.+g_.*x_]/((d_.+e_.*x_)*Sqrt[a_.+b_.*x_+c_.*x_"2]),x_Symbol] :=

g/exInt [1/(Sqr't ['F+g*x] *Sqrt[a+bxx+cxx 2] ) ,x] +

(exf-dxg) /exInt[1/( (d+exx) xSqrt[f+gsx] +Sqrt[a+bsx+cxx2]),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bxdxe+axe"2,0]

Int[Sqrt[f_.+g_.+x_]/((d_.+e_.*x_)+Sqrt[a_+c_.*x_"2]),x_Symbol] :=
g/exInt[1/(Sqrt[f+g+x]+Sqrt[a+cxx"2]),x] +
(exf-dxg) /exInt[1/( (d+exx) xSqrt[f+gsx]+Sqrt[a+c*x"2]),x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd"2+axe”2,0]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

dx

f(d)vbi
3: J~(d+ex)"‘m

dx whenef-dg#0 Ab?2-4ac#0 A cd>-bde+ae?#0 A2meZ A m< -2

Rule 1.2.1.4.10.2.2.23:If ef-dg+0@ A b?-4ac+0 A cd*>-bde+ae?+0 A2meZ A m=< -2, then

(d+ex)"VFf+gx
J~ dx —
Va+bx+cx?
e(d+ex)™ Vfigx Va+rbx+cx? 1 J~ (d + e x)™?
+
(m+1) (cd’>-bde+ae?) 2(m+1) (cd’-bde+ae?) Vf+rgx Va+rbxs+cx

(2cdf (m+1) -e (ag+bf (2m+3)) -2 (beg (2+m) -c (dg (m+1) -ef (m+2))) x-ceg (2m+5) x*) dx

Program code:

Int[(d_.+e_.#x_) m_sSqrt[f_.+g_.+x_]/Sqrt[a_.+b_.*x_+c_.*x_"2],x_Symbol] :=
ex (d+exx)” (m+1) xSqrt ['F+g*x] *Sqrt[a+bxx+c*xx”2]/ ((m+1) * (cxd*2-bxdxe+axe”2)) +
1/ (2% (m+1) » (cxd”*2-bxdxe+axe”2) ) xInt [ (d+exx)~ (m+1)/(Sqr‘t [f+g*x] *Sqrt[a+bxx+c*x"2] ) *
Simp [2xCxdxfx (M+1) —e% (axg+bafx (2xm+3) ) -2 (bxexgs (2+Mm) —Cx (dxgx (M+1) ~exFx (M+2) ) ) #X-Cxexgx (24m+5) »x2,x],x]| /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bsdxe+axe~2,0] && IntegerQ[2+m] && LeQ[m,-2]

Int[(d_.+e_.+x_) m_sSqrt[f_.+g_.+x_]/Sqrt[a_+c_.+x_"2],x_Symbol] :=
ex (d+exx)~ (m+1) «*Sqrt ['F+g*x] *Sqrt[a+c*x”2]/ ((m+1) * (cxd"2+axe”2)) +
1/ (2% (m+1) * (cxd*2+axe”2) ) +Int [ (d+exx) A (m+1) / (Sqrt[f+g+x]«Sqrt[a+cxx 2] )+
Simp [Z*C*d*f* (m+1) —-e* (a*g) +2xCx* (d*g* (m+1) —exf* (m+2) ) *X—-Ck€xgx (2xM+5) *XAZ,X] ,x] /3
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-d+g,0] & NeQ[cxd"2+axe"2,0] & IntegerQ[2+m] 8&& LeQ[m,-2]
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11. J(d+ex)'“(f+gx)" (a+bx+cx?)?dx whenef-dg#@ A b’-4ac#6 A cd’-bde+ae’#0 A pez*

1: J(d+ex)’“(f+gx)" (a+bx+cx?)Pdx whenef-dg#@ A b>-4ac#0 A cd’-bde+ae’#8 Apez* Amez*

Derivation: Algebraic expansion

Rule1.2.14.11.1:If ef-dg+0@ Ab>-4ac+0 A cd’°-bde+ae?+0 ApeZ" AmeZ",then

j(d+ex)'“ (F+gx)" (a+bx+cx2)pdlx — ~J‘ExpandIntegr‘and[(d+ex)m (F+rgx)" (a+bx+cx2)p, x| dx

Program code:

Int[(d_.+e_.#x_ ) m_x (f_.+g_.#X_) n_x(a_.+b_.#x_+c_.*x_"2)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (d+ex) "mx (f+g»x) " n« (a+bxx+cxx*2)*p,x],x] /;

FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,8] & NeQ[cxd"2-bxdxe+axe"2,0] && IGtQ[p,0] &&
(IGtQ[m,0] || EqQ[m,-2] &% EqQ[p,1] && EqQ[2xcxd-bxe,0])

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_) n_x(a_+C_.*X_"2)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (d+exx) "mx (f+gxx)"n* (a+cxx*2) *p,x],x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd*2+axe~2,0] && IGtQ[p,0] &&
(IGtQ[m,0] || EqQ[m,-2] && EqQ[p,1] && EqQ[d,0])
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2: J(d+ex)'"(-F+gx)" (a+bx+cx?’)?dx whenef-dg#@ A b’-4ac#0 A cd’-bde+ae’#@ Apez'Am<-1

Derivation: Algebraic expansion and linear recurrence 3

Basis: Let o[x] » PolynomialQuotient[(a + bx+cx2)p, d+ex, x]and
R > PolynomialRemainder| (a+bx+cx?)?, d+ex, x|,
then (a+bx+cx?)?=Q[x] (d+ex) +R

Note: If m € Z~, incrementing m rather than n produces simpler antiderivatives.

Rule1.2.14.11.2:If ef-dg+0@ Ab>-4ac+0 Ancd’-bde+ae?#+@ ApezZ"Am< -1,

letQx] » PolynomialQuotient[(a+bx+cx?)?, d+ex, x]and
R - PolynomialRemainder| (a+bx+cx?)?, d+ex, x|, then

j(d+ex)’“ (Frgx)" (a+bx+cx?)Pdax —

JQ[X] (d +ex)™? (-F+gx)"dlx+RJ(d+ex)'" (Frgx)"dx —

R (d+ex)™?! (-F+gx)n+1 1
+ J(d+ex)'"*1 (Frgx)" ((m+1) (ef-dg)Q[x] -gR (m+n+2))dx
(m+1) (ef-dg) (m+1) (ef-dg)

Program code:

Int[(d_.+e_.#x_) M_x (f_.+g_.*X_)"n_x(a_.+b_.*X_+C_.*X_"2)"p_.,x_Symbol] :=

With [ {Qx=PolynomialQuotient[ (a+bxx+c#x"2)"p,d+exx,x],R=PolynomialRemainder[ (a+bxx+c*x"2) p,d+exx,x]},

R* (d+exx) ™ (m+1) * (-F+g*x) n (n+1)/( (m+1) = (e*f—d*g) ) +

1/((m+1) x (exf-dxg) ) *+Int [ (d+exx)~ (m+1) » (F+g#x) ~nxExpandToSum[ (m+1) » (exf-dxg) xQx-g#R* (m+n+2) ,x],x]] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[c+d"2-bxdxe+axe"2,0] && IGtQ[p,0] && LtQ[m,-1]
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Int[(d_.+e_.#x_) m_x (f_.+g_.#X_) n_x(a_+C_.*X_"2)"p_.,x_Symbol] :=

With[{Qx=PolynomialQuotient[ (a+cxx"2)"p,d+exx,x],R=PolynomialRemainder [ (a+c*x"2)"p,d+exx,x]},

Rx (d+exx)~ (m+1) # (Frgex) 2 (n+1) /((m+1) « (exf-dxg)) +

1/((m+1) * (exf-dxg) ) +Int[ (d+exx)~ (m+1)  (f+g+x) *n+ExpandToSum| (m+1) « (exf-dxg) »Qx-g*Rx (m+n+2) ,x] ,x]] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-d«g,0] & NeQ[cxd"2+axe"2,0] & IGtQ[p,0] & LtQ[m,-1]

3: J(d+ex)’“(f+gx)" (a+bx+cx®)Pdx whenef-dg#@ A b?-4ac#0 A cd’-bde+ae’#@ ApeZ*Am+n+2p+1#80

Derivation: Algebraic expansion and linear recurrence 2
Rule1.2.1.4.11.3: If ef-dg#0 A b’-4ac#0 A cd’-bde+ae?#@ ApeZ*Am+n+2p+1#0, then

j(d+ex)’" (Frgx)" (a+bx+cx?)Pdax —

1 p
= (e?P (a+bx+cx?)?P-cP (d+ex)?P) (d+ex)" (f+gx)"d1x+ch (d+ex)™?P (f+gx)"dx —
e e

cP (d+ex)’""2"’(1€+gx)n+1 1

+ J(d+ex)m ('F+gx)no
ge?P (m+n+2p+1) ge?P (m+n+2p+1)
(g(m+n+2p+1) (?P (a+bx+cx?)?-cP (d+ex)?P) -cP (ef-dg) (m+2p) (d+ex)?P?) dx

Program code:

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_) n_x(a_.+b_.#x_+c_.*x_"2)"p_.,x_Symbol] :=
c px (d+e*Xx) A (M+2xp) * ('F+g*x) 2 (n+1)/(g*e" (2%p) * (M+N+2xp+1)) +
1/ (g*xe” (2xp) * (M+n+2xp+1) ) *Int [ (d+e*x) “mx (‘F+g*x) “N*
ExpandToSum[gx (m+n+2#p+1) * (e” (2%P) * (a+b#X+C*X"2) Ap-C P (d+e#X) ~ (2xp) ) - px (exF-dxg) * (M+2#p) * (d+exx) ~ (2xp-1) ,x] ,x] /3

FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bxdxe+axe~2,0] && IGtQ[p,0] && NeQ[m+n+2xp+1,0] &&

(IntegerQ[n] || Not[IntegerQ[m]])
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Int[(d_.+e_.#x_) m_x (f_.+g_.#X_) n_x(a_+C_.*X_"2)"p_.,x_Symbol] :=
c px (d+exXx) A (M+2xp) * (f+g*x) A (n+1)/(g*e" (2%p) * (M+N+2xp+1)) +
1/ (gxe™ (2%p) » (M+n+2xp+1) ) xInt [ (d+exX) "mx (f+g*X) *nx
ExpandToSum[gx (m+n+2#p+1) * (e" (2%p) * (a+C#X"2) "p-C px (d+exX) ~ (2%p) ) ~C p* (@xF-dxg) » (M+2xp) » (d+exx)  (2xp-1) ,x],x]| /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-d«g,0] & NeQ[cxd"2+axe~2,0] & IGtQ[p,0] && NeQ[m+n+2xp+1,0] &&
(IntegerQ[n] || Not[IntegerQ[m]])

(F+gx)" (a+bx+cx?)P
12. j dx whenef-dg#0@ Ab>-4ac#0 A cd’-bde+ae?#@ An¢zZ Ape¢z

d+ex

dx whenef-dg#0 Ab>-4ac#0 A cd’-bde+ae?#@ An¢Z ApezZ Ap>0 An<-1

f+gx)" (a+bx+cx?)?
1:J

d+ex

Reference: Algebraic expansion

Basis: atbx+c x> _ [(cd’-bde+ae?) (f+gx) cdf-befsaeg-c (ef-dg)x
. d+e x e (ef-dg) (d+ex) e (ef-dg)

Rule1.2.14.12.1:If ef-dg+0@ Ab>-4ac+0 A cd’>-bde+ae?+@ An¢Z  ApeZ Ap>0 Anc<-1,then

f n b 2\p
J( +gx)" (a+bx+cx?) dx s
d+ex
2 _ 2 f n+l b 2\ p-1
cd (bde+a;e j( +ex) d(a+ x+cx’) dx - ( ! )J(-F+gx)"(cdf—bef+aeg—c(ef—dg)x) (a+bx+cx2)"'1dlx
e(ef-dg +ex e(ef-dg

Program code:

Int[(F_.+g_.#*X_) n_x(a_.+b_.#X_+C_.*x_"2)"p_/(d_.+e_.*x_) ,x_Symbol] :=
(cxd*2-bxdxe+axe”2) /(ex (exf-dxg)) xInt[ (f+g+x) " (n+1)  (a+bxx+c*x 2) " (p-1) / (d+exx) ,x] -
1/(e* (e*f—d*g) ) *Int [ (-F+g*x) nx (c*d*f—b*e*f+a*e*g—c* (e*f—d*g) *x) * (a+bxX+cxx”2) ~ (p-1) ,X] /5

FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[c+d"2-bxdxe+axe"2,0] &&
Not [IntegerQ[n]] && Not[IntegerQ[p]] && GtQ[p,0] && LtQ[n,-1]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p 58

Int[(f_.+g_.#X_) n_x(a_+C_.*x_"2)"p_/(d_.+e_.*x_),x_Symbol] :=

(c*d"2+a*e"2)/(e* (e*f—d*g) ) *Int [ ('F+g*x) A(n+1) * (a+C*x"2) A (p-1) / (d+exx) ,x] -

1/ (ex (exf-dxg) ) +Int[ (f+gsx) nx (cxdsfrarerg-cx (exf-dxg)*x) x (a+cxx"2)~(p-1),x] /;
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd"2+axe”2,0] 8&&

Not [IntegerQ[n]] && Not[IntegerQ[p]] && GtQ[p,0] && LtQ[n,-1]

('F+gx)n (a+bx+cx2)p
2: j dx whenef-dg#0 A b>-4ac#0 A cd’-bde+ae?#@ An¢Z Ap¢Z Ap<-1An>0

d+ex

Reference: Algebraic expansion

Basis: f:&x .. e(ef-dg) (a+b x+c x?) , Cdf-befiaeg-c(ef-dg)x
" deex (cd®>-bde+ae?) (d+ex) cd?’-bde+ae?

Rule1.2.1.4.12.2:If ef-dg+0© Ab>-4ac+0 A cd’>-bde+ae?+@ An¢Z ApeZ Ap<-1An->0,then

(Frgx)" (a+bx+cx?)?
d
j d+ex T
f-d f ot b 2)pri
cdez(ebde g3e2J-( L) d(a:xx+cx) d]x+cd2 b:e anJ-({ng)"'1 (cdf-befraeg-c(ef-dg)x) (a+bx+cx?)Pdx
- + + - +

Program code:

Int [ ('F_. +8 . *X_) ANn_x(a_.+b_.%xX_+C_.xX_"2)"p_/(d_.+e_.%Xx_) ,x_Symbol] f=

ex (e*f-d*g)/(c*d"z-b*d*e+a*e"2) *Int [ (f+g*x) A(n-1) x (a+bxx+Cc*x"2) ~ (p+1) / (d+e*Xx) ,X] +

1/ (cxd*2-bxdxe+axe”2) *Int[ (‘F+g*x) A(n-1) » (c*d*f—b*e*f+a*e*g—c* (e*f—d*g) *x) * (Q+bxX+C*Xx"2) "p,X] /5
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[c+d"2-bxdxe+axe"2,0] &&

Not [IntegerQ[n]] && Not[IntegerQ[p]] && LtQ[p,-1] && GtQ[n,0]

Int[(f_.+g_.#X_) n_x(a_+C_.*x_"2)"p_/(d_.+e_.*x_),x_Symbol] :=

ex (e*f—d*g)/(c*d"2+a*e"2) *Int [ (f+g*x) A(n-1) x (a+Cxx"2) A (p+1) / (d+exx) ,x] +

1/ (cxd*2+axe”2) xInt [ ('F+g*x) A(n-1) » (c*d*‘F+a*e*g—c* (e*f—d*g) *x) * (QA+C*¥X"2) "p,x] /5
FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-dxg,0] && NeQ[cxd"2+axe”2,0] 8&&

Not [IntegerQ[n]] && Not[IntegerQ[p]] && LtQ[p,-1] && GtQ[n,0]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

(f+gx)" .
3: J dx whenef-dg#0@ Ab?’-4ac#0 A cd’-bde+ae?#0 A N+ ez
(d + ex)

Va+bx+cx?

Reference: Algebraic expansion

Rule1.2.1.4.123:If ef-dg+0 A b’2-4ac+0 Acd>-bde+ae’>+0 A n+%ez,then

(Frgx)" 1 (F+rgx)™z
dx — ExpandIntegrand[—, x] dx
(d+ex) Ya+bx+cx? Vf+gx Va+rbx+cx? d+ex

Program code:

Int[(f_.+g_.#x_)"n_/((d_.+e_.+x_)*Sqrt[a_.+b_.«x_+C_.*X_"2]),x_Symbol] :=
Int [ExpandIntegrand[1/(Sqrt[f+g«x]+Sqrt[a+bsx+cxx"2]), (f+g*x)" (n+1/2)/(d+exx),x],x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-d+g,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bxdxe+axe”2,0] & IntegerQ[n+1/2]

Int[(f_.+g_.#x_)"n_/((d_.+e_.*x_)*Sqrt[a_+c_.*x_"2]),x_Symbol] :=
Int [ExpandIntegrand[1/(Sqrt[f+g+x]+Sqrt[a+cx 2]), (f+g*x)~(n+1/2) /(d+exx),x],x] /;
FreeQ[{a,c,d,e,f,g},x] 8& NeQ[exf-dxg,0]| && NeQ[cxd*2+axe~2,0] && IntegerQ[n+1/2]

59



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

(gx)" (a+cx?)?
13: j p dx whencd*+ae?#@ Ap¢Z A -~ (N€EZ A 2peZ)
+ex

Derivation: Algebraic expansion

Basis: +— - 4 _ _ex_
d+e x

d?-e? x? d?-e? x?

m i 2\P
Note: Resulting integrands are of the form ﬂc‘idexL which are integrable in terms of the Appell hypergeometric function.

Rule1.2.14.13:If cd’+ae?+@ Ap¢Z A~ (neZ A 2peZ),then

p

J(gx)" (a+cx?) x
-_— g

d+ex x"

p

dx

d(gx)" an (a+cx?)

d2 22

e(gx)" J-x"*l (a +cx2)p

x" d? - e? x?

Program code:

Int[(8_.*X_)™n_.*(a_+C_.*x_"2)"p_/ (d_+e_.xx_),x_Symbol] :=
dx (g*X) *n/x*nxInt [ (X *n*x (a+Cc*x"2) *p) / (d*2-e”2xx"2) ,x] -
ex (g+X) *n/x*n*Int[ (X (n+1) * (a+Cxx"2)*p) / (d*2-e”~2%x"2) ,x] /;
FreeQ[{a,c,d,e,g,n,p},x] & NeQ[cxd*2+axe”2,0] && Not[IntegerQ[p]] && Not[IntegersQ[n,2xp]]
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Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p 61

14: J(d+ex)m(f+gx)" (a+bx+cx?)?dx whenef-dg#@ A b’-4ac#0 A cd’-bde+ae’#@ A (pez V (m|n) €z)

Derivation: Algebraic expansion

Rule1.2.14.14:if ef-dg+@ A b>-4ac+@ Acd>-bde+ae?+0 A (peZ V (m|n) eZ),then

j(d+ex)'" (Frgx)" (a+bx+cx?)Pdx — JExpandIntegr‘and[(d+ex)'“ (Frgx)" (a+bx+cx?)P, x] dx

Program code:

Int[(d_.+e_.#x_ ) m_x (f_.+g_.#X_) n_x(a_.+b_.#x_+c_.*x_"2)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (d+exx) "m« (f+gxx) " n« (a+bxx+cxx*2)*p,x],x] /;

FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && NeQ[b"2-4xaxc,0] & NeQ[cxd"2-bsdxe+axe~2,0] && (IntegerQ[p] || ILtQ[m,0] && ILtQ[n,0]) &&
Not [IGtQ[m,0@] || IGtQ[n,O]]

Int[(d_.+e_.#x_ ) m_x (f_.+g_.#X_) n_x(a_+C_.*Xx_"2)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (d+exx)"m« (f+g#x)"n« (a+cxx"2)~p,x],x] /;

FreeQ[{a,c,d,e,f,g},x] && NeQ[exf-d+g,0] & NeQ[cxd"2+axe"2,0] & (IntegerQ[p] || ILtQ[m,0] & ILtQ[n,0]) &&
Not [IGtQ[m,®] || IGtQ[n,e]]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

15: j(gx)" (d+ex)" (a+cx?)?dx whencd’+ae?#@ AMEZ A PEZ AN¢Z

Derivation: Algebraic expansion

Basis: If m € Z, then (d+ex)'“==( d___ _ex )'m

d2-e? x? d?-e? x?

Note: Resulting integrands are of the form x» (a+bx?)? (c + dx2)® which are integrable in terms of the Appell hypergeometric
function .

Rule1.2.1.4.15:If cd®?+ae?+@ AmeZ ApPpe¢Z AnNéZ,then

n 2\p d ex -
x" (a+cx?) ExpandIntegr‘and[ - , x] dx
d?-e?x? d?-e*x?

(gx)"

Xn

f(gx)" (d+ex)" (a+cx?)Pdx —

Program code:

Int[(g_.*x_)"n_.*(d_+e_.xx_)"m_x (a_+C_.*X_"2)"p_,x_Symbol] :=
(g*X) *n/x~nxInt [ExpandIntegrand [X"nx (a+Cc*x"2)"p, (d/ (d*2-e*2xx"2) -exXx/ (d*2-e*2xx"2) )" (-m) ,Xx],X] /;
FreeQ[{a,c,d,e,g,n,p},x] && NeQ[cxd*2+axe”2,0] && ILtQ[m,0] && Not[IntegerQ[p]] && Not[IntegerQ[n]]

u: ~J-(d+ex)m (F+gx)" (a+bx+cx?)Pdx

Rule1.2.1.4.U:

j(d+ex)'" (Frgx)" (a+bx+cx?)Pdax — J(d+ex)'" (F+gx)" (a+bx+cx?)Pax

Program code:

Int [ (d_.+e_.*x_)"m_= ('F_. +g_.*x_) An_x(a_.+b_.*x_+c_.*x_"2) "p_,x_Symbol] E=
Unintegrable [ (d+exx) “m« (f+gx) ~n* (a+bxx+cxx*2) *p,x| /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x] & Not[IGtQ[m,0] || IGtQ[n,0]]



Rules for integrands of the form (d+e x)~m (f+g x)~n (a+b x+c x"~2)"p

Int[(d_.+e_.#x_) m_x (f_.+g_.#X_) n_x (a_+C_.*Xx_"2)"p_,x_Symbol] :=
Unintegrable[ (d+exx) “mx (f+gx)~n« (a+c*x"2) *p,x] /;
FreeQ[{a,c,d,e,f,g,m,n,p},x| && Not[IGtQ[m,0] || IGtQ[n,0]]

S: J-(d+eu)'“(1‘:+gu)n (a+bu+cu?)’dx when u=h+jx

Derivation: Integration by substitution
Rule 1.2.1.4.S:If u == h + j x, then

J(d+eu)“‘ (f+gu)" (a+bu+cu’)?dx — E_Subst[‘f(d+ex)’“ (Frgx)" (a+bx+cx®)Pdx, x, u]
J

Program code:

Int[(d_.+e_.#u_) m_.x(f_.+g_.#u_)"n_.#(a_+b_.xu_+c_.»u_"2)"p_.,x_Symbol] :=
1/Coefficient [u,x,1] *Subst [Int[ (d+exx) "mx (f+gxX) "nx (a+bxx+cxx*2) *p,x],x,u] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x] && LinearQ[u,x] && NeQ[u,X]

Int[(d_.+e_.#u_) m_.* (f_.+g_.*u_)"n_.x(a_+C_.*u_"2)"p_.,x_Symbol] :=
1/Coefficient[u,x,1] #Subst [Int [ (d+exx) mx (f+g+X) nx (a+cxx*2)"p,x],x,u] /;
FreeQ[{a,c,d,e,f,g,m,n,p},x]| && LinearQ[u,x] && NeQ[u,x]
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